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ABSTRACT 

A seismic wave is a kind of acoustic wave and then it behaves reflection, refraction, and transmission. Seismic 

acoustic metalens which change the direction of a seismic surface wave and reduces the amplitude and ground 

acceleration was suggested. It is based on a huge two-dimensional acoustic Eaton lens that has a diameter of 

100 m, that is, the order of the wavelength of the seismic surface wave. A 1/100 reduced scale model 

experiment was carried out in the ground. The seismic lens group which was composed of 4 acoustic Eaton 

lenses was buried in the ground in a form of 2x2 square format. A seismic Rayleigh wave was generated by 

a vibrating footing machine for 1~3 minutes, and the acceleration before and after passing the lens group was 

measured in the three perpendicular directions. The effectiveness by the comparison of the acceleration 

before and after passing the lens group was discussed.  
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1. INTRODUCTION 

Seismic waves are a kind of inhomogeneous acoustic wave with various wavelengths. There are 

two types of seismic waves: P (Primary) and S (Secondary) waves are body waves, and R (Rayleigh) 

and L (Love) waves are surface waves (1,2). Surface waves are generated when body waves arrive at 

the surface of the earth and the epicenter is the main point of the generation. Surface waves travel 

much slower than body waves about 1∼3 km/s and have a longer wavelength of the order of 100 m 

and the amplitudes decrease exponentially with the depth.   

R wave can exist only in a homogeneous medium with a boundary and has transverse motion. On 

the other hand, L waves are polarized shear waves guided by an elastic layer  which causes horizontal 

shifting of the Earth during earthquakes. The amplitude of the surface waves decays slower than that 

of body waves and then causes the most destruction of earthquakes. Earthquake engineering is related 

to attenuate surface waves  

The seismic surface wave is a kind of an elastic wave, and then it should behave reflection, 

refraction and transmission as other acoustic waves. Our motivation to reduce the amplitude of the 

seismic wave is to develop an acoustic lens to control the seismic waves. Recently a meta-lens group 

has reported numerical simulation of a seismic lens to control the incoming seismic surface wave  (3). 

Their choice was an acoustic Luneburg lens which focuses the incoming wave to the edge on the other 

side of the lens, but the effect was very limited and has some problems to apply to a real system. Our 

choice of the seismic lens is a group of acoustic Eaton lens (4,5). It is an attenuator which creates an 

artificial seismic shadow zone that reduces the amplitude of the wave exponentially.  

We tested the attenuating effect of surface wave by a group of acoustic Eaton lenses. Four lenses 

of 1/100 reduced scale model was buried in the ground and R wave was created by a vibrating machine 

footing as a seismic surface wave source. Then we measured the acceleration of the surface wave by 

earthquake accelerometers before and after passing the seismic lens group. 
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2. THEORY OF THE SEISMIC LENS 

Eaton lens is a gradient index lens in which the refractive index varies from one to infinity. It was 

developed by Eaton in 1952 for a 180-degree deflecting angle. Later, it was extended to arbitrary 

deflecting angles which can change the wave trajectories in any direction.  

The refractive index of the typical 180-degree Eaton lens is (4,5)  

2
( ) 1n r

r
= − . 

(1) 

 

The r is the normalized radius from the center of the lens, that is, the range of the r is 0 < r < 1, 

and n = 1 for r ≥ 1. It has a singularity in that the RI goes to infinity at the center of the lens.  And then 

the lens creates a stop-band of waves at specific frequency rages depending on its geometry.  

A numerical simulation of the 2x2 two-dimensional (2D) acoustic Eaton lens format is shown in 

Figure 1. The stop-band is an artificial seismic shadow zone (ASSZ). To create ASSZ in the seismic 

field, the diameter of one lens must larger than the wavelength of the incoming wave as (4,5) 

 D  . 
(2) 

 

However, this relation gives a serious difficulty in model experiment because the wavelength of 

seismic surface wave is order of 100m and too large to test in a field lab.  

 

 

Figure 1 – The seismic shadow zone produced by the 2D four seismic lenses 

 

Passing one two-dimensional (2D) seismic lens, the amplitude of the outgoing wave is reduced to 

about 70% of the incoming wave, and it corresponds to -0.15 of the Richter scale. To reduce the 

Richter scale 1, we need 7 seismic lenses of the diameter of 100 m in series. It means that the width 

of the seismic barrier composed of seismic lenses is larger than 700 m at least. Instead of the amplitude 

difference, we measure the acceleration difference in the front (before passing) and back (after 

passing) side of the lens group by earthquake accelerometers. 

3. EXPERIMENT OF THE SEISMIC LENS 

We tested the Figure 1 in the field with 1/100 small scale. Four 2D acoustic Eaton lenses made of 

cement concreate were manufactured. The reduced scale lens has the diameter of 100 cm and the 

thickness of 20 cm. The density of the soft soil in the ground is about 1.8
3/ cmg , and that of the lens 

is heavier than the background soil about 50%. The four lens made a seismic lens group as in Figure 

1.  



 

 

The lens group was buried in the ground of soft soil and R wave was created by a vibrating machine 

footing 2m in front of the lens group surface for 1~3 minutes. Among the two surface waves we chose 

R wave and do not consider L waves here. The acceleration by the vibration was measured in the 

three-direction; longitudinal (x-), transverse (y-), and perpendicular (z-) direction just 1m distance in 

the front (before passing) surface and back (after passing) surface of the lens group. The frequency of 

the R wave is about 25~60 Hz and the propagating surface wave velocity is about 100~300 /m s . 

Then, the wavelength of the R wave is 2~12 m and much larger than the diameter of the lens.  

 

 

 
 

Figure 2 – The transverse acceleration in the front (up) and back (down) of the lens group 

 

The upper graph is the acceleration before passing the lens group and the down one is after passing 

that. The difference of the acceleration between front and back of the lens group was a little. One 

possible cause is that the wavelength of the surface didn’t satisfy the ASSZ condition in Eq. (2). 

 

4. SUMMARY 

A seismic lens group was made by four 2D acoustic Eaton lenses with 1/100 reduced scale and 

buried in the ground. R wave was created near the lens group and the acceleration before and after 

passing the seismic lens group in the ground was measured by earthquake accelerometers in three-

directions; longitudinal, transverse and perpendicular. The difference of the acceleration between the 

front and back sides of the group was very a little and less than our expectation. We have a plan to 

repeat the experiment with a larger seismic lens to satisfy the Eq. (2) . The consecutive model 

experiment of the small scale will be reported soon. 
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ABSTRACT 

Here, defects induced in a perfect phononic crystal composed of steel cylinders (0.8mm radii) squarely 

disposed of in water (2mm lattice-parameter) were spatially disposed to build an acoustic-like spectrometer 

that has an input port-defect, which demultiplex the incoming-wave at a second defect in two waves. The 

demultiplexed waves follow two similar paths being mixed at a certain defect-point, leaving the phononic 

structure through a defect output. The designed acoustic-like spectrometer allows a new transmission band 

in the gap interval, in which, a strong absorption peak is induced when breaking the symmetry by placing a 

hollowed glass tube in one of the two arms. The absorption peak frequency (≈436 kHz) is shifted to different 

frequencies when changing the material inside the tube. The shift is sensitive to the type of material and 

concentration. Both, experimental and theoretical results are discussed to propose the defect-based structure 

for biomedical and material sensing applications, using sugar (glucose), and copper nanofluids as target 

analytes. 

 

Keywords: Phononic crystal, acoustic spectrometer, defect modes, sensing 

1. INTRODUCTION 

Since their discovery, Phononic crystals (PnCs) have been proposed as acoustic demultiplexers (1), 

lenses (2), sensors (3), and others. Phononic structures, neither 1D nor 2D designs, for sensing 

applications are a growing topic, based on resonant effects caused by breaking the symmetry in the 

periodic devices by introducing defects due to an analyte holder (4). On the one hand, for 1D sensors 

are composed of two periodically sandwiched materials in which one of the materials serves as an 

analyte (5), modified using only the central part as an analyte holder (6). On the other hand, the 

sensing applications of 2D PnCs were explored as hollowed metal plates, filling the hollows with the 

liquid analyte of interest (7), followed by similar perforated plates with a central cavity hole breaking 

the symmetry, inducing a resonance peak whose frequency depends on the analyte features (8, 9). The 

sensing applications of PnCs have included the design of Mech-Zehnder interferometer-types within 

the perfect PnCs, using one of the arms to place the analyte holder (10,11). 

The use of PnCs as sensors is mainly based on the fact that the holder containing a reference 

induces a resonant mode at a specific frequency. The presence of the analyte induces a shifting,  

widening, or thinning of the resonant peak and can be correlated with their material properties. The 

sensing probes include different aqueous mixtures samples, organic solvents, types of gasoline, 

peroxide, and among others, either using an ID crystal or a 2D one. Most of the reported PnCs-based 

sensors are hollowed solid plates (7-11). In this paper, we are reporting a defect-based acoustic 

spectrometer for sensing nanofluids; defects in a perfect PnC were induced to build a Mach -Zehnder 

interferometer-type arrange. In one of the arms, a glass tube was stacked, working as the holder for 
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the nanofluid analyte. A deep resonant absorption peak was experimentally recorded at 436.70 kHz, 

induced by the presence of the holder when filled with water, which is shifted when laser-ablated Cu-

based nanofluids are placed in, showing frequency-shifting depending on the ablation time. It was 

also found an aqueous magnetic nanofluid also induces frequency-shifting when compared with pure 

water. 

2. BRIEF RESULTS 

The perfect PnC has been already experimentally and theoretically reported. 

It supports an acoustic bandgap from 380–480 kHz. Figs. 1-a) and b) contain 

the simulated and actual acoustic spectrometer (AS); the red arrow indicates the 

position where the analytes were placed. Figs. 2-a) are the experimental and -b) 

theoretical transmission spectrums, respectively, for the acoustic spectrometer 

(green line), which clearly shows the induced transmission band inside the band 

structure due to the presence of the defects array. The induced transmission was 

recorded between 408 kHz and 460 kHz approximately, which is the result of 

the collective coupling between induced resonant modes due to the presence of 

the defects array.      

In Figs. 2-a) and b), the blue lines correspond to the transmission spectrums 

of the acoustic spectrometer with the steel cylinder kept fixed in the sixth 

position, as shown in Fig. 1. It can be seen it is composed of at least four deep 

peaks, referred to as resonant absorption peaks. The presence of the not removed 

steel cylinder induces the demultiplexed waves to travel both across non-

symmetric paths, inducing a dephasing where they are mixed. This dephasing 

yields to a partial destructive 

interference. The resonant peak 

was also kept when the non-

removed cylinder was replaced 

by a hollow glass tube, a Pasteur 

pipette, which was implemented 

as analyte container. It was 

experimentally observed that the 

resonant frequency is shifted 

when the analyte in the container 

was changed (sugar solutions or 

different nanofluids), compared 

with that when it is filled with 

pure water.  

In this extended abstract, only partial results when the pipette 

was filled with a commercial magnetic nanofluid. Fig. 3 contains 

the transmission spectrum for the acoustic spectrometer without 

any analyte as a green line and the corresponding when the pipette 

was filled with pure water (black line). It can be seen that the 

presence of the pipette holder induces the already referred 

absorption peak at 436.80 kHz. However, when the sample in the 

holder was the magnetic nanofluid, the absorption peak was 

modified and shifted to shorter wavelengths, centered at 435.32 

kHz. The blue-shifting induced by the nanofluid is due to its 

different density compared with water, which have different sound 

velocities by itself. This brief result is strictly indicating the acoustic 

spectrometer is sensible to the change in the material inside the 

pipette container, giving the reason to propose the designed acoustic structure as possible sensor using 

the observed resonant absorption peak.     

CONCLUSIONS 

In conclusion, the design of a defect-based acoustic spectrometer performed in a phononic crystal 

is reported, in which a resonant absorption peak was induced due to the presence of a defect point, an 

Fig. 2-a) experimental and -b) theoretical transmission spectra for the AS 

including the intentionally not removed steel cylinder 

Fig. 1-a) Simulated and 

-b) actual AS. 

Fig. 3 Magnetic nanofluid sensing. 



 

 

analyte holder, is proposed for sensing applications. It was found the absorption peak is modified in 

shape and blue-shifted when the water filling the holder was replaced by the magnetic nanofluid, 

which indicates the AS is sensible to the analyte placed the holder tube. 
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ABSTRACT 

Defects-induced in perfect phononic crystals (PnCs) allows propagating defect-modes, forbidden in the 

perfect structure, whose frequencies are within the phononic bandgap interval. These new allowed modes 

travel following the performed defect paths to release the acoustic energy at specific spatial points. Defects 

induced in a PnC, composed of steel cylinders (0.8mm radii), squarely disposed of in a water matrix (2mm 

lattice parameter) allowed to engineer defect-based acoustic demultiplexers and optimized high-Q cavities 

for ultrasonic waves control. On the one hand, a demultiplexer containing one defect-input port and two 

output arms is able to allow the efficient transmission of 398 kHz by one output port, inhibiting it through 

the second one, while 450 kHz, experiments the opposite behavior. The efficient propagation is temperature-

tunable when incorporating a PNIPAM thermosensitive hydrogel at each defect. On the second hand, the 

spatially optimized defects-position as horizontal and diagonal ones along with the propagation axis, increase 

the quality factor (Q) by over 16 times for the diagonal with respect to the horizontal defect-disposition. 

Weak-coupling modes for the diagonal configurations explain the observed Q factor increase. Both, theory 

and experiment results were validated. Efficiently defects-dispositions allow interesting defect-based 

phenomena which can be useful in PnCs-based ultrasonic technologies. 

 

Keywords: Phononic crystal, defects, Q-factor 

1. INTRODUCTION 

Phononic crystals (PnCs) are artificial periodic structures composed of sound or mechanical 

scatters periodically disposed of in a matrix; the main feature of these structures is that b oth 

components, scatters and matrices have different elastic properties. The difference in material 

properties gives place to the formation of phononic bandgaps, which are frequency intervals not 

allowed to travel across the crystal (1). The acoustic bandgap can be controlled by the spatial 

disposition of the components of the PnCs, external fields which change the material properties of 

one of both components, or due to the presence of defects in the phononic structure (2, 3). Defects in 

PnCs can be reached by changing the material properties of their components or position in specific 

points, or removing scatters. The presence of defects, as impurities in semiconductors, allows defects 

or impurities modes whose frequencies are inside the bandgap range. Defects in phononic structures 

have been performed as local or arrays to reach defect-based acoustic waveguides or demultiplexers, 

high Q-factor, or harvester energy structures (4-6). 

  A defect alone, reached by removing a scatter, induce a resonant mode, while arrays of defects 

yield to collective modes which can open the bandgap, inducing new transmission bands, whose wide 

and position inside the gap depends on the defect shape, density, or material. Here, the optimized 

disposition of defects in a phononic crystal is shown as useful for the high Q-factor structures or 

tunable acoustic waveguides whose guided frequencies depend on the temperature due to the inclusion 

of a thermosensitive PNIPAM hydrogel. Theoretical and experimental results are included .  
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2. BRIEF RESULTS 

 A solid/fluid phononic crystal performed with 

stainless steel cylinders of 1.6 mm diameter 

squarely disposed of (19×19) in water with a lattice 

parameter of 2 mm was used to design an optimized 

defects-based high Q-cavity structure. Defects 

were induced by removing cylinders neither along 

the propagation waves axis (horizontal) nor 

vertical or diagonal to this. Experimental results 

(5), confirmed with theoretical ones, show that an 

array of five defects in whatever direction allows 

the propagation of different modes. Fig. 1 contains 

the experimental transmission spectrums of the 

three defects combination, horizontal, vertical, and 

diagonal. It can be seen for the horizontal 

configuration (blue line), five resonant peaks can 

be seen, while for the diagonal array, a narrow 

transmission peak was recorded; this behavior was 

also theoretically obtained (inset). The different transmission, widths of the new transmission peaks, 

allow for calculating the Q factor, founding this is over fifteen times larger for the diagonal disposition 

compared with the horizontal ones (5). 

Fig. 2 contains the transmission spectrum 

when the defects were removed along the 

propagation axis for five defects when these are 

composed by 2×2 defects arrays filled with 

PNIPAM hydrogel. These arrays shown for five 

defects a two well defined minibands are induced 

(4), which is the result of the different allowed 

modes coupling. From Fig. 2, it can be seen when 

the defects are composed by PNIPAM hydrogel, 

extra modes between 460-480 kHz were induced, 

depending on the number of defects; this behavior 

indicates the presence of the hydrogel allows the 

propagation of new modes, which are in fact 

sensible to the temperature, due to their 

thermosensitive nature (not shown here). In a 

demultiplexer composed two arms, one of they containing the hydrogel allows the tuning of 

demultiplexed waves with the temperature.          

3. CONCLUSIONS 

We show that induced defects inside a perfect phononic crystal induce the propagation of different 

resonant modes, which depends on their spatial disposition. A diagonal disposition allows to increase 

the Q factor, while the inclusion of PNIPAM hydrogel induce new modes which are in fact 

temperature-dependence due to their intrinsically thermosensible behavior, which could be useful to 

build tunable demultiplexers.   
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ABSTRACT 

In this study, we propose a metamaterial composed of phononic and photonic crystals to enhance acousto-

optic interaction. The metamaterial confines acoustic and optical waves with different wavelength scales in 

a cavity where the two waves strongly interacted with each other. To enhance the interaction further, we 

investigate the effective material properties of photonic crystals with the aid of quasi-static homogenization 

theory and modifiy the geometrical constitution of the photonic crystals. 

 

Keywords: Phononic crystal, Photonic crystal, Acousto-optic interaction 

1. INTRODUCTION 

The acousto-optic (AO) interaction where acoustic wave affects the behavior of optical wave has 

a relatively short history compared to optics and acoustics, but the interaction has received 

attention due to various applications (1-2). Several researchers have investigated the enhancement 

of AO interaction to improve performance of AO devices, and recently, the enhancement using a 

phoxonic crystal with characteristics of phononic and photonic crystals has been studied  (3-5).  

The acoustic and optical waves with similar wavelengths were confined in a cavity between the 

mirror-symmetric phoxonic crystals and strongly interacted with each other in the cavity. For 

example, 1550 nm light that was commonly used in telecommunications interacted with acoustic 

wave at GHz frequencies. However, this high-frequency acoustic wave was attenuated in the 

phoxonic crystals and cavity. Papanikolaou et al. (5) investigated the effect of acoustic attenuation 

on the confinement of acoustic waves and the interaction between sound at 10.86 GHz and 

1555.18 nm light. Media loss reduced the amplitude of the sound confined in the cavity, 

weakening the AO interaction. 

Acoustic attenuation due to media loss can be negligible when using sound with frequencies 

in the hundreds of MHz, but a conventional phoxonic cavity cannot confine both 1550 nm light 

and sound with a much longer wavelength than the light.  Therefore, we intend to overcome the 

limitation of the conventional phoxonic cavity by introducing structural hierarchy, which recently 

has been used to control waves (6-7), into the phoxonic cavity. This is composed of phoxonic 

crystals on the scale of the wavelength of sound, photonic crystals on the scale of the wavelength 

of light, and a cavity. The two waves with different wavelength scales can be confined in the 

cavity, resulting in enhancement of the AO interaction in the phoxonic cavity with structural 

hierarchy. 

2. RESULTS AND DISCUSSIONS 

The acoustic and optical transmittance spectra of single- and two-scale phoxonic cavities are 

evaluated using the transfer matrix method (TMM) and are shown in Figs. 1(a) and 1(b). The solid 

blue and brown lines indicate the spectra of the single- and two-scale phoxonic cavities, 
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respectively. Due to the Fabry-Perot resonance peaks exist at 0.59 GHz and 193.5 THz within the 

acoustic and optical bandgaps. The blue arrows indicate the acoustic and optical cavity modes.  

The acoustic and optical confinements at cavity mode frequencies are examined by evaluating 

their displacement and electric fields. In Fig 1(c), the displacement fields of the single- (solid 

blue line) and two-scale (solid orange line) are shown. The amplitude of the acoustic wave is 

maximized in the cavities of both phoxonic cavities and the maximum amplitude in two-scale 

cavity is slightly smaller than the single-scale one. Figure 1(d) shows the electric fields at the 

optical cavity mode frequency for the single-scale (solid blue line) and two-scale (solid orange 

line) cavities. The maximum amplitude of electric field in the cavity is 20 times larger than that 

of the single-scale phoxonic cavity.  

 

Figure 1 – (a) Acoustic and (b) optical transmittance spectra of the phoxonic cavities. (c) Displacement 

fields in the phoxonic cavities at the acoustic cavity mode frequency. (d) Electric fields in the phoxonic 

cavities at the optical cavity mode frequency.  
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ABSTRACT 

The metamaterial properties of periodic phononic structures can be used to design and realize ultrasonic 
lenses that can be used for manipulating the propagation of acoustic waves. The negative index or hyperbolic 
properties of these novel meta-lenses can be used to collimate, focus and filter acoustic waves for practical 

applications. We have used two-dimensional periodic structures with different surface shapes or structures of 
the lens for tailoring the wavefront of the incident and transmitted waves through the periodic structures. 
These lenses have been used for deep-tissue imaging with subwavelength resolution. The dispersion of the 

waves can be also manipulated by using combinatory lenses for biomedical imaging. We demonstrate the 
uses of these novel lenses for imaging soft and hard tissues including fatty tissues, bones etc. 

 
Keywords: Acoustic metalens, Ultraonic detection, Deep tissue imaging, super-resolution imaging 

1. INTRODUCTION 

  

The dispersion and propagation of the acoustic waves through a periodic phononic crystal can be 
tailored by controlling the periodicity, and surface features which modifies the equifrequency contour 
of the phononic structures. Lenses can be designed with propagation characteristics that are 

significantly different than the conventional laws of geometric wave propagation in a medium.  
Ultrasound serves as a popular imaging and therapeutic modality due to its relative non -toxicity, 

practical mobility, and low cost. In both non-destructive and medical applications, the ability to 
control the spatial sound pressure field in a material is critical for evaluation. These evaluations are 
used for diagnostics, with diagnostic accuracy from an image directly dependent on an accurate 

characterization of the size, shape, and contrast of materials comprising a composite1. Images that 
enjoy high fidelity of the distribution of materials with varying contrast are generally considered of 
higher quality. Ultrasonic imaging quality is both dependent on the minimum sizes detectable by a 

particular system, fundamentally a function of wavelength, and the min imum contrast detectable. 
Contrast and spatial reconstruction of a signal to produce an image is dependent on achieving high 
signal-to-noise ratios by controlling focusing and reducing multiple scattering effects.  

Due to the longer wavelength of sound waves compared to electromagnetic waves such as X-Rays 
or electron waves, the ultrasonic imaging technology suffers from a lack of resolution. These can be 

circumvented using phased-array approaches that have shown to approach higher resolution 
depending exclusively on the electronic signal processing. More recently phononic metamaterials 
have led to the super-resolution spatial dimensions that use acoustic wave engineering without any 

electronic or digital image processing techniques. Holey structures, coupled bound modes, and 
negative index flat lenses have led to super-resolution as high as λ|50. The group velocity dispersion 
functions can be tailored using metamaterials to temporally compress phonons for super-resolution 

imaging. However, super-resolving power is generally restricted to the evanescent near-field of the 
device or within a few wavelengths of the surface, making the structures impractical for many 

applications. 
We present the use of geometric wave mechanics to design and realize phononic lenses using the 

properties of the metamaterial for long range collimation or sub-wavelength resolving power of these 

lenses for the control of low-frequency ultrasound that can be used for biomedical applications. We 
have designed both singlet and doublet meta-material lenses that demonstrate both a far-field focal 
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point and ultra-long collimation characteristics past the Fresnel zone. These lenses can be tuned both 

mechanically or infilled with phase-changeable polymer material. The doublet lens demonstrates both 
a far-field focal point and ultra-long collimation characteristics past the Fresnel zone. The focus to 

the collimation behavior of the lens can be adjusted by a simple linear mechanical translation of one 
of the lens units.  The doublet lens can focus the sound wave beyond 38λ away from the object, which 
is farther than any existing ultrasonic transducer or metalenses  lens. It can also collimate a long and 

narrow collimating ultrasonic beam over 70λ.  
The focal point of phononic crystal meta-lens can also be tuned with a polyvinyl alcohol-based 

poly n-isopropyl acrylamide (PVA-PNIPAm) bulk hydrogel polymer. A volumetric phase transition of 

the hydrogel can lead to a temperature-dependent sound velocity and density within the phononic lens 
medium. The temperature variation from 20 °C to 39 °C changes the focal length of the tunable solid-

state lens by 1 cm in the axial direction. This thermo-reversible tunable focal length lens was used in 
a monostatic setup for one- and two-dimensional mapping scans in both frequency domain echo-
intensity and temporal domain time-of-flight modes.  

 

2. NEAR-FIELD & SUPER-RESOLUTION IMAGING USING METALENS 

 

2.1 Detection of objects within phantom tissues using a singlet acoustic meta-lens: 

 

The singlet metal lens considered was a 2D square lattice phononic crystal of stainless-steel rods 
in water ambient (Fig. 1). The periodicity and the lattice parameters were considered such that the 

collimation of the ultrasonic waves only occurs for narrow, limited bands of frequency in the second 
band of the crystal, far above the homogenization limit. In addition, the lens does not function as 
described in the axis parallel to that of the cylindrical scatterers. Outside these bands of frequencies, 

the ML causes the transient beam to diverge. For ultrasound, the length of the Fresnel zone is also 
termed the near-field. This lens shown in Figure 1 was used to detect objects embedded in phantom 
tissues. A single element transducer at 576 kHz was used for the experiment. The collimation due to 

the metalens results in a divergence that is 8 times less than the emitting transducer. This 
collimation of the ultrasonic wave results in a 3.6x greater lateral resolution beyond the Fresnel 
zone. Lateral dimension and resolving power were resolved down to 0.50λ for hard objects, with a 

soft tissue object to a slightly higher value of 0.73λ. [1] 

 

Figure 1 Phononic crystal based lens used for near-field imaging 

 
2.2. Thermally tunable metalens 

 

This phononic crystal lens in Figure 1 can be in-filled with a polymer and externally actuated for 
tuning the focal length of the lens without any electromechanical component. [2] Poly-vinyl alcohol-



 

 

based poly n-isopropyl acrylamide (PVA-PNIPAm) hydrogel is a polymer that undergoes a 

volumetric phase transition at ~32–33 °C. The elasticity of the polymer changes due to the phase 
transition and can result in over a 10% change in the velocity of sound in the PVA-PNIPAm. This 

variance in sound velocity can be used to thermally tune the effective mechanical properties of the 
phononic lens interstitially filled with PVA-PNIPAm, and consequently achieve a tunable focal 
length lens. We have performed both frequency domain echo-intensity and temporal domain time-of-

flight based one- or two-dimensional scans in a monostatic setup to study the temperature dependent 
tunability of the lens. [3] 
Figure 2 shows the change in the focal length of the lens due to the change in temperature from 20 C 

to 39 C. The increase in the temperature from room temperature (20 °C), changes the focal length of 
the lens from 10.29λ to 8.82λ from the transducer surface (Figure 2). This all-acoustic technique is 

utilized without any advanced signal processing technique and can laterally resolve 1.03 ± 0.15λ. in 
one/two-dimensional echo-intensity mode and 2.35 ± 0.28λ in the axial direction using time-of-
flight mode.  

 
 

 

Figure 2 Polymer filled temperature tunable solid-state- metamaterial lens 

 
2.3. Mechanically Tunable lens 

 
The next class of the lens we have designed is a class of doublet lens system shown in Figure 3. It 

is composed of two 2D phononic crystal metamaterial lenses. It is similar to a telescopic or 

microscopic lens system with the eye-piece and the objective. However, the meta-material properties 
make it more complex. The first element, which is a plano-convex lens, was used to diverge the 

incident wave. The second element separated by a distance d is– a flat meta-lens that is used to focus 
the divergent beam as a conventional metamaterial lens.  (Figure 3) The advantage of focusing the 
divergent source beam from the first lens is that it enables a long distant focal point. As in a 

conventional optical lens, the second element's focusing point in the lens is analogous to the f -number 
of the optical system. The ratio of the focal length to the diameter of the entrance pupil width (or the 
clear aperture) can be controlled in this configuration by modifying the distance between the two lens 

elements. The width of the source beam is limited by the aperture of the piezoelectric transducer 
source. The frequency of operation is shown by the red-dashed line in Figure 3b for the optimized 
eigenfrequency of the propagating waves. 

 
 

 

Figure 3.  A mechanically tunable doublet lens (A) with its corresponding dispersion of the phononic structure (B) and the 

collimating or focusing features (C), (D) and (E) 



 

 

Figure 3 (C)-(E), shows the change in the characteristics of the doublet system as the distance 

between the two elements changes. One can modify the doublet’s behavior from the focusing to the 
collimation operation as the distance between the two elements is reduced. Using this lens 

subwavelength spatial resolution has been achieved. The detection limit was 0.26 λ in the monostatic 
setup and 0.62 λ in a bistatic experimental setup. This lens demonstrates super-resolution detection 
capabilities at distances of 42 λ and can enable ultrasonic diagnostics deep within a material or a 

biological tissue. [4] 

 

3. CONCLUSIONS 

 
The work represents the application of a metamaterial for spatial characterization and 

subwavelength resolution in a biosystem beyond the Fresnel zone limit. A thermally tunable 
phononic crystal lens has been achieved using phase-changeable polymers with a sensitive 

volumetric phase transition temperature. We have also demonstrated a phononic crystal-based 
doublet lens with mechanically interchangeable focusing to a collimating capability that can be used 
for bioimaging.  
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ABSTRACT 
To characterize complex materials from ultrasonic measurements the frequency dependence of the wave 
interaction with interfaces is analyzed. These ultrasonic spectroscopic studies included delamination in solids, 
liquid-solid and solid-solid interfaces. Both metallic and non- metallic materials are investigated with solid-
state as well as with adhesive bonds. The interfaces maybe random or periodically rough. The experimental 
system utilized broad band transducers in the frequency range from 1 to 20 Mhz. For adhesive joint 
measurements a  nonlinear method was also applied with the addition of a high power transducer. Using 
imperfect boundary conditions, a theory was developed which allows to compute both interfacial and bulk 
properties of layers  and interfaces from the received spectrum. Theoretical predictions agree well with 
experimental results.  

Keywords: Interface, Bonds, Spectroscopy 

1.    INTRODUCTION 
 One of the most challenging problems in Ultrasonic Nondestructive Evaluation is to characterize an 
interface between two materials. The interface may a flaw or delamination in the material, a bonded structure 
like solid-state or adhesive bond just to mention a few.  Since the frequency dependence of ultrasonic waves 
interaction with interfaces Ultrasonic Spectroscopy1 is useful tool to characterize interface studies.  Ultrasonic 
Spectroscopy is a study of the ultrasonic waves resolved into their Fourier frequency components. In this paper 
we will discuss three examples of the frequency spectra of ultrasonic wave interaction with interfaces.   

a. Interface characterization between liquids and solids with periodically rough interfaces.  

b. Characterization of Solid-State bond of layered material. 

c. Evaluation of Adhesive bonds between two solids. Linear and Nonlinear angle beam ultrasonic 
spectroscopy. 

2. INTERFACE EVALUATION AT LIQUID AND PERIODICALLY ROUGH SOLID 
INTERFACE 

  An ultrasonic wave propagates in liquid toward a solid with periodic surface as shown schematically 
on figure 1. In the liquid in addition to the specular reflection a number of diffraction orders are generated due 
to the periodic surface. In the solid both longitudinal and transverse waves are produced.   
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	 	 	 Figure 1 -  Coordinate system used to describe interaction of ultrasonic 
waves with periodic liquid-solid interface. 


 The ultrasonic spectroscopy system used in this study is shown on figure 2. A wide-band ceramic 
transducer (bandwidth up to 14 MHz) emits a short RF pulse.   The scattered signal is received either by the 
same pulse-echo transducer or by another wide-band transducer (pitch-catch). The received signal is amplified 
and gated out in order to select the portion of the signal to be processed. The time domain signal can then be 
fed to an analog spectrum analyzer to obtain the amplitude spectrum or be sampled and converted to digital   
information and processed by calculation to obtain the spectrum via FFT (Fast Fourier Transform).  A typical 
spectrum of a normally reflected signal from a perfectly smooth brass surface is shown in figure 3. 

Figure 2 - Experimental system for ultrasonic spectroscopy    	 




Figure 3 - Power spectrum of the transducer output    


                                                                                                                                                 




	 The spectrum shown in figure 3 is used as a reference to that of the scattered spectrum from the 
periodically rough surface. In figure 4 the spectrum of a normally incident reflected signal is shown from a 
grating of 250 µ periodicity on brass. The most significant features of this spectrum are the two distinct 
minima occurring at 6 and at 8 Mhz.  The energy which is not reflected back at these frequencies to the 
receiver is diffracted along the interface This phenomenon is similar to the so-called Woods anomalies.  Wood 

(2) observed missing components from the reflection spectrum (colors) of light from a diffraction grating. This 
anomaly was treated by Lord Rayleigh (3) where he developed a dynamic theory of grating and found 
conditions that the missing frequency corresponds to a diffraction order directed along the grating (90 
degrees). Theoretical work (4)was developed using a numerical method to obtain the amplitudes of the 
diffracted waves. Theoretical prediction agrees well with experimental data to predict the reflected spectrum 
from a water-brass corrugated surface. The minima at 6 and 8Mhz correspond to the Scholte waves (velocity 
1500 m/sec) and to the Rayleigh waves (velocity 2160 m/sec) respectively.                                                                                                                                                                                 


	 	 Figure 4 - Comparison of theory and experiment for reflected the ultrasonic 
spectrum from a water - brass interface                                                                                                                                                                 


3.     CHARACTERIZATION OF SOLID-STATE BOND AT LAYERED SUBSTRATE 

3.1 Generalized Lamb Waves 

 Most previous work to evaluate bond quality between two dissimilar materials used normal incidence 
longitudinal waves with very limited success. In this work we will describe the use of generalized Lamb waves 

(5) to evaluate bond quality of steel layer bonded to an aluminum substrate. In figure 5 dispersion curve of the 
various modes plotted for a steel layer on an aluminum substrate immersed in water using rigid boundary 
condition. Such condition is valid for a good bonding.                                                                                                                                             

	 	 	 Figure 5 - Theoretical dispersion curves for various guided modes. Steel 
layer on aluminum substrate




	 The behavior of the lowest mode is very interesting. The phase velocity first decreases with frequency 
then riches a minimum value at .5 Mhz and then increases. Changing the boundary condition between the steel 
layer and the aluminum substrate  the lowest mode is calculated for various values of bonding as shown on 
figure 6.  For “good” bond the theoretical prediction agrees very well with the experimental result obtained as 
shown ob figure 8. The agreement is especially good for the lowest mode.


  Figure 6 - Theoretical dispersion curve of the lowest velocity- mode for 	
various bond qualities


3.2 Experiment 
        The experimental set up is shown on figure 7. A broadband transducer  (15 MHz bandwidth) emitting a 
pulse. A signal is received by the same transducer if the frequency and incident angle is such that a leaky wave 
is generated in the sample. The wave is reflected at the right hand corner. The received signal is gated and  
spectrum analyzed. See figure 1 for details. The velocity of a given mode is calculated using Snell’s law. 

   Figure 7 - Experimental technique


 The experiment was repeated for various bond conditions of the lowest velocity mode and compared 
to theory as shown on Figure 9. The resulting curves are shown for the lowest mode where the experimental 
results agree well with theoretical prediction for the two extreme cases, for “good” bond and for “weak” bond.  

Figure 8 - Theoretical/experimental comparison for dispersion curves for good bond 
between a steel layer and an aluminum substrate




Figure 9 - Experimental dispersion data for the lowest velocity mode


4.     EVALUATION OF ADHESIVE BONDS BETWEEN TWO SOLIDS 

4.1 Angle Beam Ultrasonic Spectroscopy 

	 In the Angle Beam Ultrasonic Spectroscopy (6) approach obliquely and normally incident 
ultrasonic beams are combined. The two angle measurements allow decoupling the effects of the bond 
line thickness. The schematics of the method is shown on figure 10.  The head accommodates transducers 
for the normal and oblique measurements. The ultrasonic wave excited by the transducer is reflected from 
the interface toward a reflector and returns back to the transducer. The procedure used to scan the quality 
of the thin adhesive layer embedded between two composite plates is twofold. At each point of the scan, 
the normal and angle beam time domain signals reflected from the layer are recorded. Then they are 
analyzed in the Fourier domain and processed using our algorithms to obtain the quality of the bond line. 

	 	 Figure 10 - Transducer head


4.2 Nonlinear/Parametric Angle Beam Ultrasonic Spectroscopy 

 To enhance interfacial property measurement and to relate the measurement to local bond integrity 
degradation we use stress modulation at the interface with the low frequency (7) transducer. We combine low 
frequency vibrations of the bonded structure with overlapped linear pulse echo dual beam ultrasonic reflection 
measurements. For a good bond the interfacial stiffness is independent of low frequency stress under our 

x-axis motor

y-axis motor

Scanning Head

Adhesive Joint

Scan Area



experimental conditions. In the case of a poor bond, the interfacial stiffness decreases under the vibration 
tension. The mechanisms of this decrease may be different. As a result, the interfacial stiffness changes during 
compression and tension periods of the low frequency cycles leading to a low frequency modulation of the 
spectral minima of reflected ultrasonic signals. Figure 11 illustrates our approach schematically.  
                     


Figure 11 - Angle beam ultrasonic spectroscopy of adhesive joints under thickness 
resonance parametric excitation


 A tension/compression cycle is applied to the bond. The low frequency stress applied on the bond line is 
alternately in compression or tension. As illustrated in Figure 11 (on the right), for an imperfect bond the 
spectral minimum of the ultrasonic signal reflected from the adhesive layer shifts under the loading. The bond 
layer properties are evaluated during cycling using angle beam ultrasonic spectroscopy for different states of 
the stress of the bond line. This is achieved by synchronizing the low frequency continuous excitation of the 
structure with the high frequency ultrasonic pulse triggering used for the spectroscopic measurement.  The 
schematic of the experimental setup is shown in Figure 12. The bonded sample is excited by the shaker and 
the vibration amplitude on the sample is measured by an accelerometer. Electrodynamic transducers covering 
the frequency range 50 Hz-30 kHz is used for shaker.  For perfect bonds no mixing of vibrations with pulsed 
ultrasonic signals is expected; for weak interfaces the boundary springs change under load leading to 
amplitude and frequency modulation of ultrasonic signals by low frequency vibrations. The angle beam 
ultrasonic head includes three 10 MHz wide band transducers. The recorded high frequency signals were 
digitized with a 12 bit 125 MHz digitizer followed by signal gating and FFT. 

                                                                                       

Figure 12 - Schematic of the experimental setup for stress modulated ultrasonic 
spectroscopy




  To illustrate the relation between the frequency modulation amplitude and adhesive bond degradation, the 
modulation resonance spectra for three different bond conditions are shown in Figure 13.  As one can see the 
frequency modulation amplitude increases as bond degradation increases. For degraded bonds, the resonance 
modulation amplitude is significant and the signal-to-noise ratio is larger than 33 dB.  For bonds with intermediate 
bond strength, the resonance modulation amplitude is reduced. For “good” bonds, the modulation amplitude is 
reduced to near the noise level.   

    Figure 13 - Experimental resonance modulation spectra for different bond properties


 5.    CONCLUSIONS 
 It was demonstrated that the frequency dependence of ultrasonic waves interaction with interfaces 
between two materials, provides important characteristics for the interface. At a water-periodic interface both 
Rayleigh and Scholte surface waves velocities can be obtained from the reflected spectra.  The frequency 
dependence of the lowest generalized Lamb modes generated on a solid layer bonded to a solid substrate can 
be used to evaluate the quality of the sold-state bond. A nonlinear/parametric angle beam ultrasonic 
spectroscopy method can be used to differentiate from poor to good adhesively bonded solids. 

  
REFERENCES 
1. Fitting, D. E. and Adler L.: Ultrasonic Spectral Analysis for Nondestructive Evaluation, 1981.p. 1-6 

Plenum Press, New York,  
2. Wood, R.W. On a remarkable case of uneven distribution of light in diffraction grating spectrum Philos. 

Mag.  1902. H 24, p.396  
3. Lord Rayleigh: The Theory of Sound (revised) Dover Publication (1945) 
4. Clays, I.M., Leroy, O. Jungman, A., Adler, L. Diffraction of ultrasonic waves from periodically-rough 

liquid solid surfaces. J. Appl. Phys. 1983 54 10 p. 5657-62.  
5. Adler, L, de Billy, M., Quentin, G., Talmant, M., Nagy, P. A Study of Generalized Lamb Waves in Solid-

State Bonded Aluminum-Steel Samples. J. Acoust. Soc. 1988  Supplement 1 S84 
6. Adler, L., Rokhlin, S. I., Mattei, C., Blaho, G., Xie, Q., Angle beam ultrasonic spectroscopy system for 

quantitative inspection of adhesive bonds, D. O. Thompson and D. E. Chimenti (Eds.), Rev. Prog. QNDE 
1999 18B: 1553-1559 

7. Rokhlin. S., Wang. I. Xie. B. Yakovlev. V. and Adler. L. Modulated Angle Beam Ultrasonic Spectroscopy 
for Evaluation of Imperfect Interfaces and   adhesive Bonds  Ultrasonics 2004 42 p. 1037-47



 

PROCEEDINGS of the  

24th International Congress on Acoustics  

 

October 24 to 28, 2022 in Gyeongju, Korea 

 

 

Airborne Ultrasonic Phased Array                            

using Custom-made High-intensity Transducers 

Takayuki HOSHI; Yoshiki O-OKA 

Pixie Dust Technologies, Inc., Japan 

ABSTRACT 

We developed an ultrasonic phased array that can drive 271 custom-made transducers individually and 

generate more powerful ultrasound at a focal point than a phased array consisting of commercially-available 

transducers. The ultrasonic sound pressure at a focal length of 100 mm was measured, and it was confirmed 

that the sound pressure level of 40 kHz component exceeded 170 dB. This is about 3 dB larger than the 

phased array with the same number of commercially-available transducers. We also observed the generation 

of nonlinear acoustic phenomena, such as non-contact tactile sensation due to acoustic radiation pressure and 

acoustic streaming, generated by this high-intensity phased array. 

 

Keywords: Phased array, Focused ultrasound, High-intensity ultrasound 

1. INTRODUCTION 

When forming a focal point using ultrasonic phased array (1), the ultrasonic sound pressure at the 

center of the focal point depends on the number of transducers used and the intensity of the ultrasonic 

waves emitted by each transducer (assuming a fixed transducer size). In other words, to achieve higher 

sound pressure, it is necessary to either increase the number of transducers or increase their intensity.  

Increasing the number of transducers has already been attempted. For example, Mizutani et al. (2) 

reported a phased array with 996 transducers that had a maximum sound pressure level of 171 dB at 

the center of the focal point with a focal length of 250 mm. Hoshi (1) reported a similar phased array 

with 285 transducers that had a maximum sound pressure level of 162 dB at the center of the focal 

point with a focal length of 200 mm. Although a direct comparison cannot be made due to the different 

array sizes and focal lengths, it has been demonstrated that higher sound pressure levels can be 

achieved by increasing the number of transducers. 

On the other hand, the intensity of ultrasonic waves emitted by each transducer has been treated as 

a fixed value because of the limited variety of commercially-available products (Nippon Ceramic 

T4010A1/T4010B4 or Murata Manufacturing MA40S4S, with a diameter of 10 mm) and their similar 

specifications. If more powerful ultrasonic transducers were available, higher sound pressure could 

be achieved without changing the size of the phased array. 

In order to improve the output power by the latter method, we fabricated a prototype phased array 

using custom-made high-intensity transducers (TAM2101 manufactured by Tamura Corporation). We 

also prepared a phased array of the same type using T4010B4 for comparison. This paper reports the 

results of these experiments conducted to compare these two prototype devices. This paper is partially 

based on the proceeding of Japanese-domestic meeting (3) and contains additional results. 

2. PROTOTYPES OF ULTRASONIC PHASED ARRAY 

The prototype ultrasonic phased array consists of 271 transducers with a diameter of 10 mm 

densely arranged in a hexagonal area (Figure 1 (a)). These transducers can be driven by independent 

signals and make a focal point by controlling their phase differences. The transducers are driven by a 

square wave of from 10 to 30 Vp-p by changing the power supply voltage. Additionally, the prototype 

has a function to control the amplitude of the output ultrasonic wave in 256 steps by PWM control of 

this square wave. 
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(a)                                      (b) 

Figure 1 – (a) Prototype ultrasonic phased array and (b) Measurement setup using a fiber-optic microphone 

 

The frequency characteristics of the custom-made high-intensity transducer used in this study 

(Tamura Corporation TAM2101) and a commercially-available transducers (Nippon Ceramic 

T4010B4) were measured using TSP signals with increasing frequency and an amplitude of 30 Vp-p. 

The results are shown in Figure 2, which shows that the custom-made transducer emits 1.63 times (4.2 

dB) larger ultrasonic waves than the commercial transducer at 40 kHz.  

 

Figure 2 – Frequency characteristics of the custom-made and commercially-available transducers 

3. COMPARATIVE EXPERIMENTS 

Experiments were conducted to compare the prototype phased arrays equipped with the custom-

made and commercially-available transducers (3). First, the ultrasonic sound pressure at the center of 

the focal point was measured. In addition, the acoustic radiation pressure and acoustic streaming were 

observed. The results are reported below. 

3.1 Ultrasonic Sound Pressure 

The phased array with a focal length of 100 mm and a microphone for measurement were fixed 

with a jig in an anechoic chamber, and the ultrasonic sound pressure at the center of the focal point 

was measured (Figure 1 (b)). Preliminary measurements with the microphone moved in the depth 

direction confirmed that the distribution of ultrasonic sound pressure reached its maximum value at 

95 mm from the phased array, not 100 mm, so the microphone was fixed at 95 mm in this measurement. 

The sound pressure level at the center of the focal point for this measurement was expected to be 

over 170 dB. Since this exceeds the maximum rating of a typical measurement microphone, the optical 

fiber microphone (4) was employed as a microphone capable of measuring high frequencies and high 

sound pressure. This microphone detects sound waves as a change in the refractive index of air by 
measuring the light reflected at the tip of the optical fiber. Since the increase or decrease of the 

reflected light due to the refractive index change is minute, the amplitude of a specific frequency 

component (40 kHz in this case) is obtained by FFT. Since the aperture of the optical fiber is as small 



 

 

as 1 mm, the sound field of 40-kHz ultrasonic waves with a wavelength of 8.5 mm can be measured 

almost undisturbed. 

The amplitude of the 40-kHz rectangular driving signal was changed by supply voltage (between 

10 and 30 Vp-p) or PWM control (under 10 Vp-p), and the sound pressure of the fundamental component 

(40 kHz) was measured using the optical fiber microphone. The measurement results are shown in 

Figure 3. The sound pressure level at the center of the focal point differed by about 3 dB between the 

custom-made and commercially-available transducers, and it was confirmed that the phased array 

using the custom-made transducers achieved the maximum sound pressure level of 172 dB when 

driven by a 30-Vp-p rectangular driving signal. 

 

Figure 3 – Focal point sound pressure characteristics against driving voltages (equivalent values for PWM) 

 

It is known that the sound pressure level at an ultrasonic focal point increases as the intensity of 

the ultrasonic waves emitted by the ultrasonic device increases, but gradually deviates from a linear 

relationship. This is due to the distortion of the waveform of the high-intensity ultrasonic waves (5), 

which creates harmonic components and weakens the fundamental components (40 kHz in this case). 

It is also possible that the nonlinearity in the output characteristics of the transducer is also a factor.  

Here we check whether the measurement results in Figure 3 maintain linearity. For that purpose, 

the horizontal axis (driving voltage) is shown in logarithmic form in Figure 4. If the linearity is 

maintained, the graph should look like the dotted lines, but the actual measurement results deviate 

from the dotted lines when the sound pressure level exceeds about 160 dB. Although a deviation from 

the linear line was originally visible in the prototype equipped with commercial ly-available 

transducers, the one equipped with custom-made transducers confirmed that this trend continued up 

to a higher sound pressure level (at least over 170 dB).  

 

 

Figure 4 – Focal point sound pressure characteristics against driving voltages (equivalent values for PWM) 

in a log scale. The dotted lines are linear extrapolation 



 

 

The distortion of the waveform of ultrasonic waves at the focal point was observed by a 1/4-inch 

microphone (6) that can measure high-frequency and high-intensity sound waves, calibrated with ACO 

4158 N without protection grid. Differently from the optical fiber microphone used above, this 

microphone can capture a broad frequency range and give us a sound pressure waveform that is close 

to the original one.  

The sound pressure waveforms at the focal point generated by the phased array consisting of the 

custom-made transducers were recorded. Figure 5 shows the recorded waveforms for the driving 

voltages of 6, 18, and 30 Vp-p. It is observed that the waveform distortion progresses and differs from 

the original 40-kHz sinusoidal wave as the drive voltage is increased. 

 

   
            (a)                        (b)                        (c)  

Figure 5 – Recorded waveforms at the focal point for driving voltages of (a) 6, (b) 18, and (c) 30 Vp-p 

3.2 Acoustic Radiation Pressure 

Nonlinear acoustic phenomena are also prominent at the ultrasonic focal point. As an example of 

such nonlinear effects, the force generated by acoustic radiation pressure was measured using an 

electronic scale (A&D EJ123B-JA). 

The phased array with a focal length of 100 mm and the maximum power was placed above the 

electronic scale. The distance from the ultrasonic emitting surface to the electronic scale was fixed at 

95 mm. The reading of the electronic scale was observed to fluctuate slowly over several seconds, so 

the reading was recorded 10 times at 1-second intervals and the average value was obtained. As a 

result, a value of 3.5 gf was obtained for the custom-made transducers and 1.4 gf for the commercially-

available transducers.  

3.3 Acoustic Streaming 

We attempted to observe the acoustic streaming near the focal point. A hot-wire anemometer 

(Ckeyin GM8903) and a vane anemometer (OTraki RZ818) were used as simple observation methods. 

The focal length and output were set to 100 mm and maximum, respectively. The anemometer was 

held at the focal point. Because the readings fluctuated with time, the anemometer was recorded 20 

times every 2 seconds and the average value was obtained. As a result, values of 8.3 m/s for the 

custom-made transducers and 0.8 m/s for the commercially-available transducers were obtained for 

the hot-wire method. For the vane method, the values were 3.9 m/s for the custom-made transducers 

and 2.3 m/s for the commercially-available transducers. It is possible that the heat emitted by the 

device in the hot-wire method and the radiation pressure in the vane method may have influenced the 

results. To eliminate these effects, other measurement methods (e.g ., PIV) should be employed. 

4. CONCLUSIONS 

A prototype phased array was fabricated using custom-made high-intensity ultrasonic transducers 

that emits 4.2 dB larger ultrasonic waves than the case of commercially-available transducers. The 

sound pressure level of the fundamental component (40 kHz) at the focal point was measured when 

the focal length was set to 100 mm, and 172 dB was achieved at the maximum, which is about 3 dB 

higher than that of the case of commercially-available transducers. We noticed that the sound pressure 

level at the focal point deviated from linear, which might be caused by waveform distortion and the 

nonlinearity of the output characteristics of the transducer. 

We also attempted to observe nonlinear phenomena caused by high-intensity ultrasonic waves. 

First, the force generated by the acoustic radiation pressure was measured using an electronic scale. 



 

 

The force generated by the acoustic radiation pressure was measured using an electronic scale. Force 

values of 3.5 gf and 1.4 gf were obtained for the custom-made and commercially-available transducers, 

respectively. Next, anemometers were used to observe the acoustic streaming. Different values were 

obtained with a hot-wire anemometer (8.3 m/s and 0.8 m/s, respectively) and a vane anemometer (3.9 

m/s and 2.3 m/s, respectively) for the custom-made and commercially-available transducers. In both 

cases, the values for the custom-made transducers were larger. However, due to the large time 

variability and poor reproducibility, these results were not reliable and should be considered as 

reference. For accurate measurement in further investigation, a measurement method is required that 

can distinguish between acoustic radiation pressure and acoustic streaming, and ideally eliminate the 

influence of disturbance factors. 
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ABSTRACT 

Jet crackle is an unusual sound. Embedded in the broadband noise from high-speed jets are irregular popping 
events that give a distinct impulsive quality to the acoustic radiation. Crackle has been associated with noise 
from laboratory-scale jets, military jet aircraft, rockets, and even explosive volcanic eruptions. This paper 

reviews historical and recent research into a phenomenon that fundamentally combines nonlinear acoustics 
and psychoacoustics through the formation, propagation, and reception of shocks. Source and propagation-
related effects are described using various examples from the literature. 

 
Keywords: jet noise, shock, rocket noise, nonlinear propagation, crackle 

1. INTRODUCTION 

Crackle is a perceptual phenomenon associated with supersonic jet noise; it has been labeled as an 
annoying and dominant characteristic of the total noise.1,2 First discussed extensively in the context 
of the Concorde Olympus 593 engines in 1975, Ffowcs Williams et al.1 described crackle as “sudden 

spasmodic bursts of a rasping fricative sound . . . It is a  startling staccato of cracks and bangs and its 
onomatope, ‘crackle,’ conveys a subjectively accurate impression.”  

 

Although some of its conclusions have been refuted, the seminal work of Ffowcs Williams et al. 
has significantly guided subsequent supersonic jet noise investigations. This paper briefly reviews 

historical and recent research into crackle as a phenomenon that exists at the intersection of supersonic 
jet noise radiation, nonlinear acoustic propagation, and psychoacoustics.  Examples from different jet 
aeroacoustic sources are discussed. 

2. WHAT IS CRACKLE? 

It is important to recognize that crackle is a perceptual phenomenon, although researchers have 
sought physical features of the pressure waveform that result in its perception. Ffowcs Williams et 
al.1 identified waveform shock-like features as the cause of the crackle percept, but unfortunately 

attempted to link it to the pressure skewness. While pressure skewness is a physical feature in the 
noise from supersonic jets, Papamoschou and Debiasi3 questioned this as a suitable measure of crackle. 
Gee et al.4 demonstrated that pressure skewness is not a sufficient condition for crackle by developing 

waveforms that had the same spectrum, pressure skewness, and kurtosis as a measured F-18 waveform 
at afterburner, but did not crackle. Their conclusion was that, if crackle was the perception of shocks  

embedded in the noise, the statistics of the time derivative should be used as its quantifier. Swift et 
al.5 followed the investigation by Gee et al. with a signal processing study that proved that pressure 
skewness was not a necessary nor sufficient condition for crackle to be present – a non-skewed 

waveform with shocks crackled but one with the same spectrum but with randomized phase did not.  
Signal processing investigations aside, it was only recently that the first subjective tests were6,7 carried 
out. Listeners evaluated F-35 noise waveforms as belonging to different perceptual categories ranging 

from “smooth noise” to “intense crackle.” The investigation conclusively showed that while pressure 
skewness was not correlated with jet noise crackle perception, the  skewness of the pressure waveform 

time derivative correlated strongly with crackle perception. To summarize, crackle is resulting sound 
quality of shocks embedded in a jet noise waveform. To date, it is best quantified by the skewness of 
the pressure waveform derivative.  
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3. SOURCES OF CRACKLE 

As mentioned, the original subject of crackle was the Olympus 593 Concorde engines.  Crackle has 

been investigated in numerous military aircraft noise studies, from the F-184,8 to the F-229 to the F-
3510,9,11,12 to the T-7A13. In addition to static and flyover measurements of crackle-related shocks, 

uninstalled engines have also been investigated by Schlinker et al.14 and Greska and Krothapalli.15 
Martens et al.16 investigated crackle (using pressure skewness as a metric) in the context of low-
bypass jet engine noise control.  

Although crackle is not perceived the same way in supersonic laboratory-scale jets because the 
relatively small nozzles push the high-frequency spectrum into the ultrasonic range, the shocks that 
are responsible for the crackle percept have been studied. Examples include Schlinker,17 Krothapalli 

et al.2, Petitjean et al.,18 and Mora et al.19 More recently, notable crackle-related studies include those 
by Baars and Tinney,20 Fievet et al.,21 and Murray and Lyons.22 The shocks leading to a perception of 

crackle have been observed in both heated19 and unheated20,23 laboratory jets. Computational studies 
that examine shocks in the heated supersonic jet flow24, in a shear layer near field25,26 and in an 
unheated Mach 3 jet near-field27 also been performed.  

Crackle is not limited to low-bypass jet engines. It also occurs in static rocket firings and in space 
vehicle launches. Several online discussions reference the “popping” noise rockets make during liftoff. 
Studies of shocks in large rockets include Refs. 28-31. In rocket launches I have observed, distinct 

crackle gives way to a low-frequency thumping that persists for several minutes. Additionally, low-
frequency crackle-like phenomena have been observed in at least two explosive volcanic eruptions. 

In addition to a comparative analysis of Nabro Volcano with a military jet and a rocket by Fee et al.32, 
Matoza et al.33 describes the cause of audible “booming” in Alaska from the 2022 Hunga Volcano 
eruption – at a distance of ~10000 km – as being shocks undergoing old-age nonlinear decay. While 

most of the eruption energy is in the infrasound regime, the booming that occurred over a period of 
about 30 min appears to be a form of crackle with a peak frequency so low that individual events are 
easily distinguishable. 

4. PHYSICAL CAUSES OF CRACKLE 

What are the origin(s) of the shocks that cause crackle? Although this topic is not entirely resolved, 
there are different explanations that merit ongoing investigation. Ffowcs Williams et al. described 
crackle as effectively a source phenomenon because they supposed nonlinear propagation to be to o 

weak, but this was contradicted by concurrent work by Blackstock.34 Later works show clearly the 
formation and strengthening of shocks through nonlinear propagation into the far field .10,30,9,35 The 

weakening/thickening of these shocks eventually may lead to a transition from a crackling sound to 
more of a popping or booming sound. 

This is not to say that source or near-field phenomena are unimportant. In a numerical study, 

Nichols et al.24 described the existence of large pressure gradients existing inside and outside the 
plume. Anderson and Freund25, Buchta et al.26, and Pineau and Bogey27 describe coalescence of near-
shear layer shocks. Experimentally, near-field jet noise coalescence has been studied by Fievet et al.21 

and Willis et al.36 Murray and Lyons22 investigated the propagation direction and convective Mach 
number associated with shocks radiated near the nozzle. Reichman et al.35 have described small-scale 

shocks existing near the F-35 while larger time-scale shocks evolved from nonlinear propagation. It 
is unknown if the small-scale near-field shocks observed by Reichman et al. are the same near-nozzle 
shocks described as crackle-related in laboratory-scale jet studies, but it might help to resolve prior 

confusion in describing crackle as a source versus a propagation phenomenon.  
Recent studies by Vaughn et al. on F-35 near-field data also help elucidate physical causes. First, 

an event-based beamforming method11 was used to examine the apparent origin of the events. Both 

Mach wave radiation and large-scale noise radiation were found to contribute to crackle-causing 
shocks. Additionally, nonlinear reflection phenomena37 strengthened shocks near the ground. Finally, 

there is relatively high correlation12 between the large-scale near-field events and the shocks 
responsible for the far-field crackle percept. 

5. FUTURE RESEARCH 

Crackle is a fascinating phenomenon that has interested me since I was a doctoral student at Pe nn 

State, studying nonlinear propagation of jet noise. Although we conclusively understand that it is the 
shocks that create the crackle percept and that the waveform derivative statistics (specifically the 



 

 

derivative skewness37) form a convenient metric for quantifying it, there is so much more to 

understand – from the aeroacoustics to the psychoacoustics. How is crackle impacted by Mach number 
and temperature ratio? What of nonideal vs ideal expansion? What of the crackle perception of rocket 

noise at great distances? What is the effect of hearing protection on crackle? Are there other metrics38 
that could describe other perceptual aspects of crackle? Hopefully this brief review is of service to 
the research community, but I invite readers to reach out if there are questions I can answer or if a 

discussion would be helpful.  
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ABSTRACT 

In recent years, nonlinear ultrasonic thermal modulation has become a potential nonlinear ultrasonic 

nondestructive testing approach due to its high sensitivity for early performance degradation of materials. 

The objective of this research is to investigate the nonlinear acoustic characteristics of materials driven by 

the thermal effect. This paper conducts thermal cycling experiments on 6061-T6 aluminum alloy in various 

temperature ranges. The homogeneous thermal strain of the material was ensured by adjusting the heating 

(cooling) rate. The stepwise coda wave interferometry was used to analyze the variation law of the relative 

change in ultrasonic wave velocity with temperature. Finally, the thermal-acoustoelastic coefficient is 

developed, which is related to third-order elastic constants of materials and is projected to become an essential 

evaluation index for early material performance degradation. The results reveal that thermal strain in 6061-

T6 aluminum alloy causes a substantially bigger change in ultrasonic velocity than in a conventional uniaxial 

loading experiment, and that shear wave velocity is more susceptible to temperature change than longitudinal 

wave velocity. There is indeed a hysteresis effect between the relative change of ultrasonic velocity and 

thermal strain in a thermal cycle, which is connected to the temperature range. 

 

Keywords: Thermal-acoustoelastic effect, Coda wave interferometry, Thermal modulation 

1. INTRODUCTION 

In recent decades, 6061-T6 aluminum alloy has been widely used in mechanical (manufacturing of 

structural components in aircraft, automobile and nuclear industries) and civil engineering due to its 

excellent mechanical properties, corrosion resistance and weldability.  Nevertheless, due to the 

manufacturing process and operational environment, damage to the material is inevitable and will 

eventually leads to structural failure.  

Research has shown that the changes in material properties (microcracks, performance degradation, 

etc.) are closely related to the nonlinear mechanical response of the material  (1-3). Therefore, the 

evolution of material nonlinearity is of great interest for nondestructive evaluation and structural 

health monitoring. Nonlinear ultrasonic techniques have attracted considerable attention due to their 

high sensitivity to nonlinear properties of material.  

The nonlinearity of materials is divided into classical nonlinearity and non-classical nonlinearity. 

The classical nonlinearity is generally related to lattice defects, dislocations, and non-harmonicity (4), 

while the non-classical nonlinearity is mainly related to damage such as microcracks in materials.  

Based on the principle of nonlinear effects, nonlinear ultrasonic techniques can be classified into 

nonlinear resonance acoustic spectroscopy (NRAS) (5, 6), second harmonic generation (4, 7), and 

nonlinear wave modulation spectroscopy (NWMS) (8). the NRAS (9) method measures the resonance 

frequency shift when a sample is excited at different strain levels. The frequency shift is caused by 

material softening at high strain levels. This method is usually only applied to small samples. Higher 

harmonic generation (10) is a phenomenon wherein the ultrasonic waveform is distorted by the 

nonlinear response of the material, and then higher harmonic waves are generated. However, this 

method makes it difficult to exclude the influence of the nonlinear sources in the system during the 

test process, and cannot accurately locate the position of structural damage.  The NWMS method inputs 

two elastic waves with frequencies f1 and f2 into the material, which produces sidebands (f1 ± f2) when 

two signals pass through a damaged region. 
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In summary, although these nonlinear ultrasonic techniques have achieved varying degrees of 

success in characterizing material nonlinearity, there are still some limitations that hinder the 

application of these methods in practical engineering.  

Temperature is often an environmental variable that needs to be excluded from the experiment 

producer, and even control experiments with reference samples are arranged to compensate for the 

temperature effect. However, several recent literature reports evidenced that, the thermal strain 

generated by temperature can be used as the driving force to excite nonlinear behaviors of material 

and modulate ultrasonic waves propagating in the material.  Sun et al. investigated the variation of 

ultrasonic wave velocity in microcracking damaged concrete samples induced by ambient temperature 

and defined a thermal modulation coefficient to represent the sensitivity of wave velocity to 

temperature effects. It was found that the thermal modulation coefficient increased with the degree of 

damage to the concrete samples. The results of the study demonstrate the potential of the thermo-

acoustoelastic effect in the non-destructive evaluation of materials.  

In this paper, we propose using thermal cycling experiments in different temperature ranges to 

investigate the thermo-acoustoelastic effect of 6061-T6 aluminum alloy by analyzing the relative 

change in ultrasonic velocity with temperature. Based on the theory of thermo-acoustoelasticity and 

the results of thermal modulation experiments, we develop a thermoacoustic elasticity coefficient 

related to the third-order elastic constants to characterize the nonlinearity properties of the material. 

This paper is organized as follows: In Section 2, the theory of thermo-acoustoelasticity is provided. 

Section 3 describes the experimental materials, setup, and measurements, respectively. Section 4 

presents the experimental results. Finally, the conclusions and discussions are drawn in Section 5. 

2. THEORY OF THERMO-ACOUSTOELASTICITY 

Thermo-acoustoelasticity is a nonlinear phenomenon of interest in ultrasonics because it explains 

changes in wave speed of bulk waves as a function of applied thermal strain. This section introduces 

and reviews the theory of thermo-acoustoelasticity (11, 12), where the thermoelastic equations of 

motion in a prestressed thermoelastic medium are derived. 

2.1 Thermo-acoustoelastic constitutive equations 

In thermo-acoustoelasticity theory, the medium is regarded as a hyperelastic body, i.e. all work 

done on the body by external forces is stored and can be recovered when the forces are removed. The 

linear elastic theory is no longer applicable for hyperelastic materials, and the third-order elastic 

tensor of materials is needed to characterize the nonlinear constitutive relation. The acoustoelastic 

strain energy function 𝑊 can be approximately written as 

𝑊 =
1

2
𝐶𝛼𝛽𝛾𝛿 𝐸𝛼𝛽𝐸𝛾𝛿 +

1

3!
𝐶𝛼𝛽𝛾𝛿𝜖𝜂 𝐸𝛼𝛽𝐸𝛾𝛿𝐸𝜖𝜂 − 𝛽𝛼𝛽𝐸𝛼𝛽𝛥𝑇 (1) 

Where 𝐶𝛼𝛽𝛾𝛿 , 𝐶𝛼𝛽𝛾𝛿𝜖𝜂 , 𝛽𝛼𝛽, and 𝛥𝑇 𝐸𝛼𝛽 are the second-order elastic tensor, third-order elastic 

tensor, thermoelastic tensor, and temperature change, respectively.  

For a hyperelastic medium without internal constraints, the constitutive relationship can be 

obtained with 

𝑆𝛼𝛽 =
𝜕𝑊

𝜕𝐸𝛼𝛽
= 𝐶𝛼𝛽𝛾𝛿 𝐸𝛾𝛿 +

1

2
𝐶𝛼𝛽𝛾𝛿𝜖𝜂𝐸𝛾𝛿 𝐸𝜖𝜂 − 𝛽𝛼𝛽𝛥𝑇 (2) 

Where 𝑆𝛼𝛽 is the second Piola-Kirchoff stress tensor. 

For isotropic medium, the second-order elastic tensor 𝐶𝛼𝛽𝛾𝛿  , the third-order elastic tensor(11) 

𝐶𝛼𝛽𝛾𝛿𝜖𝜂 , and the thermoelastic tensor 𝛽𝛼𝛽  can be written as, respectively 

𝐶𝛼𝛽𝛾𝛿 = 𝜆𝛿𝛼𝛽𝛿𝛾𝛿 + 𝜇(𝛿𝛼𝛾𝛿𝛽𝛿 + 𝛿𝛼𝛿𝛿𝛽𝛾) (3) 

𝐶𝛼𝛽𝛾𝛿𝜖𝜂

= (2𝑙 − 2𝑚 + 𝑛)𝛿𝛼𝛽𝛿𝛾𝛿𝛿𝜖𝜂 + (2𝑚 − 𝑛)(𝛿𝛼𝛽𝐼𝛾𝛿𝜖𝜂 + 𝛿𝛾𝛿𝐼𝜖𝜂𝛼𝛽 + 𝛿𝜖𝜂𝐼𝛼𝛽𝛾𝛿)

+
𝑛

2
(𝛿𝛼𝛾𝐼𝛽𝛿𝜖𝜂 + 𝛿𝛼𝛿𝐼𝛽𝛿𝜖𝜂 + 𝛿𝛽𝛾𝐼𝛼𝛿𝜖𝜂 + 𝛿𝛽𝛿𝐼𝛼𝛾𝜖𝜂) 

(4) 

𝐼𝛼𝛽𝛾𝛿 =
(𝛿𝛼𝛾𝛿𝛽𝛿 + 𝛿𝛼𝛿𝛿𝛽𝛾)

2
 (5) 

𝛽𝛼𝛽 = (3𝜆 + 2𝜇)𝛼𝑇𝛿𝛼𝛽 (6) 

Where 𝜆 and 𝜇 are Lamé constants, 𝑙, 𝑚, and 𝑛 are Murnaghan constants, 𝛼𝑇 is the isotropic 

coefficient of thermal expansion, and 𝛿𝛼𝛽 is the Kronecker delta. 



 

 

2.2 Thermoelastic equations of motion 

To build the thermoelastic equations of motion in a prestressed thermoelastic medium, we classify 

the wave motion of a medium under the influence of temperature into three states (natural, initial, and 

final state). As shown in Fig. 1, coordinates of a material point in the natural, initial and final states 

are represented by the position vectors 𝝃, 𝑿, and 𝒙, respectively. A medium in a state free of stress 

with constant temperature 𝑇𝑁  is called the natural state. When the medium undergoes a finite static 

thermal deformation with temperature 𝑇𝐼, it is then in the initial state. The final state occurs when an 

infinitesimal deformation is superimposed on the initial position and the medium has s temperature 

of 𝑇𝐹  . Components of quantities referring to the natural state are given by Greek subscripts, 

uppercase Roman subscripts give those referring to the initial state, and those refer ring to the final 

state by lowercase Roman subscripts. Thus 𝜉𝛼, 𝑋𝐽 and 𝑥𝑗  are components of the position vectors in 

the natural, initial and final systems, respectively.  

 

Figure 1 – A medium deformed statically from the natural state (𝝃) to the initial state (𝑿), followed by wave 

motion leading to the final state (𝒙) 

The static deformation of a medium from the natural state to the initial state as denoted by 𝒖𝑰 =
𝑿 − 𝝃, the static deformation from the natural state to the initial state is represented by 𝒖𝑭 = 𝒙 − 𝝃. 

The difference between these two vectors is the dynamic displacement from the initial to the final 

state (13), 

𝒖 = 𝒙 − 𝑿 = 𝒖𝑭 − 𝒖𝑰 (7) 

Based on Pao et al (14), the Green-Lagrange strains 𝐸𝛼𝛽 at initial and final states in the natu
ral coordinate system under the influence of temperature are given as respectively 

𝐸𝛼𝛽
𝐼,𝐹 =

1

2
(

𝜕𝑢𝛼
𝐼,𝐹

𝜕𝜉𝛽
+

𝜕𝑢𝛽
𝐼,𝐹

𝜕𝜉𝛼
+

𝜕𝑢𝜆
𝐼,𝐹

𝜕𝜉𝛼

𝜕𝑢𝜆
𝐼,𝐹

𝜕𝜉𝛽
) (8) 

Assuming the superimposed wave motion is infinitesimally small, i.e., 

‖𝑢𝛼‖ ≪ ‖𝑢𝛼
𝐼 ‖,  ‖𝐸𝛼𝛽

𝐹 − 𝐸𝛼𝛽
𝐼 ‖ ≪ ‖𝐸𝛼𝛽

𝐼 ‖ (9) 

Then the strain tensor in the wave motion state is given approximately by  

𝐸𝛼𝛽 = 𝐸𝛼𝛽
𝐹 − 𝐸𝛼𝛽

𝐼 =
1

2
(

𝜕𝑢𝛼

𝜕𝜉𝛽
+

𝜕𝑢𝛽

𝜕𝜉𝛼
+

𝜕𝑢𝜆
𝐼

𝜕𝜉𝛼

𝜕𝑢𝜆

𝜕𝜉𝛽
+

𝜕𝑢𝜆
𝐼

𝜕𝜉𝛽

𝜕𝑢𝜆

𝜕𝜉𝛼
) (10) 

Combining Eq. (1) and (2), The second Piola-Kirchoff stress at the initial and final states in the 

natural coordinate system are given as  

𝑆𝛼𝛽
𝐼,𝐹 = 𝐶𝛼𝛽𝛾𝛿 𝐸𝛾𝛿

𝐼,𝐹 +
1

2
𝐶𝛼𝛽𝛾𝛿 𝜂𝐸𝛾𝛿

𝐼,𝐹𝐸 𝜂
𝐼,𝐹 − 𝛽𝑖𝑗𝛥𝑇𝐼,𝐹  (11) 

The natural state is assumed to have the temperature 𝑇𝑁 = 25℃. If initial and final states are at 

the same temperature ( Δ𝑇 = 𝑇𝐼 − 𝑇𝑁 = Δ𝑇𝐼 = 𝑇𝐹 − 𝑇𝑁 = Δ𝑇𝐹  ), and disregarding the higher order 

terms due to the infinitesimal wave motion, then the second Piola-Kirchoff stress tensor in the natural 

state and the incremental second Piola-Kirchoff stress tensor (15) between initial and final states can 



 

 

be approximated as, respectively 

𝑆𝛼𝛽 = 𝑆𝛼𝛽
𝐹 − 𝑆𝛼𝛽

𝐼 = 𝐶𝛼𝛽𝛾𝛿 𝐸𝛾𝛿 + 𝐶𝛼𝛽𝛾𝛿𝜖𝜂 [𝐸𝛾𝛿
𝐼 𝐸𝜖𝜂 +

1

2
𝐸𝛾𝛿 𝐸𝜖𝜂] ≈ 𝐶𝛼𝛽𝛾𝛿𝐸𝛾𝛿 + 𝐶𝛼𝛽𝛾𝛿𝜖𝜂𝑒𝛾𝛿

𝐼 𝑒𝜖𝜂 (12) 

𝑆𝛼𝛽
𝐼 = 𝐶𝛼𝛽𝛾𝛿𝑒𝛾𝛿

𝐼 − 𝛽𝑖𝑗𝛥𝑇𝐼 (13) 

Where 

𝑒𝜖𝜂 =
1

2
(

𝜕𝑢𝜖

𝜕𝜉𝜂
+

𝜕𝑢𝜂

𝜕𝜉𝜖
) , 𝑒𝛾𝛿

𝐼 =
1

2
(

𝜕𝑢𝛾
𝐼

𝜕𝜉𝛿
+

𝜕𝑢𝛿
𝐼

𝜕𝜉𝛾
) (14) 

The thermoelastic equation of motion in the natural coordinate system is given by 

𝜕

𝜕𝜉𝛽
(𝑆𝛼𝛽 + 𝑆𝛽𝛾

𝐼
𝜕𝑢𝛼

𝜕𝜉𝛾
+ 𝑆𝛽𝛾

𝜕𝑢𝛼
𝐼

𝜕𝜉𝛾
) = 𝜌𝑁

𝜕2𝑢𝛼

𝜕𝑡2
 (15) 

Where 𝜌𝑁 is the density in the natural state. For homogeneous pre-deformations, the equation of 

motion in Eq. (14) simplifies to 

𝐴𝛼𝛽𝛾𝛿

𝜕2𝑢𝛾

𝜕𝜉𝛽𝜕𝜉𝛿
= 𝜌𝑁

𝜕2𝑢𝛼

𝜕𝑡2
 (16) 

Where 

𝐴𝛼𝛽𝛾𝛿 = (𝐶𝛽𝛿𝜖𝜂𝑒𝜖𝜂
𝐼 − 𝛽𝛽𝛿𝛥𝜃𝐼)𝛿𝛼𝛾 + 𝐶𝛼𝛽𝛾𝛿 + 𝐶𝛼𝛽𝜌𝛿

𝜕𝑢𝛾
𝐼

𝜕𝜉𝜌
+ 𝐶𝜌𝛽𝛾𝛿

𝜕𝑢𝛼
𝐼

𝜕𝜉𝜌
+ 𝐶𝛼𝛽𝛾𝛿𝜖𝜂 𝑒𝜖𝜂

𝐼  (17) 

3. MATERIALS AND METHODS 

3.1 Materials 

The experiments were performed with plate samples of two materials: 6061-T6 aluminum alloy 

and fused quartz. All samples have the same dimensions of size 350 mm×300 mm×4 mm. 6061-

T6 aluminum alloy sample is used to study the thermal-acoustoelastic effect and the fused quartz 

sample is used to calibrate the temperature deviation of the ultrasonic transducer due to its small linear 

thermal expansion coefficient. The surfaces in the thickness direction of the samples were polished to 

ensure better coupling with the transducer. 

Before the thermal modulation experiments, we measured the Shear (S) and longitudinal (P) wave 

velocity of the samples at 25°C using the pulse-echo method. The isotropic thermal expansion 

coefficient of specimens in the range of 20 to 100°C was measured using thermal mass analysis (TMA). 

The characteristics of the samples are summarized in Table 1.  

Table 1 – Measured geometry and physical properties of the samples 

Material/Sample 
6061-T6  

Aluminum alloy 

SiO2  

Fused quartz 

Length×width (mm×mm) 350×300 350×300 

Thickness (mm) 4 4 

Density 𝜌0 kg/m3 2691.1 2200 

Longitudinal wave velocity (m/s) 6440.1 5754.2 

Shear wave velocity (m/s) 3158.6 4048.4 

Thermal expansion coefficient 𝛼𝑇(/℃) 2.1×10-5 5.4×10-7 

3.2 Experimental Setup 

The experimental setup for thermal modulation is shown in Fig. 2, where the sample is placed in 

the environmental chamber for ambient temperature control and monitoring.  Two ultrasonic 

transducers were installed at one end of the sample thickness direction (4mm), namely, a 2.25 MHz P 

wave transducer (Olympus A106S) polarized in direction 1 and a 2.25 MHz S wave transducer 

(Olympus V154) polarized in direction 2, which are used to transmit and measure P and S wave.  To 

improve the transmission efficiency of acoustic energy, B2 glycerin, and SWC-2 shear gel were used 

as ultrasound couplants to thinly coat the surface of P wave and S wave transducers respectively.  

An Olympus 5072R ultrasonic square pulser/receiver in the pulse-echo mode was used to drive the 

ultrasonic transducer and measure echo waves in direction 1. The pulse repetition frequency was set 



 

 

as 100Hz. The received echo wave signals were digitized and recorded by a digital oscilloscope 

(Tektronix DPO 2002B) at a sampling rate of 1 GS/s. Each signal was averaged 512 times to increase 

the signal-to-noise ratio (SNR), and the echo wave signals were recorded every 0.2 ℃ during the 

thermal modulation process. The Open Choice Desktop software can communicate with the 

oscilloscope and use waveform data capture to transfer the waveform to the computer for subsequent 

signal processing. 

 

Figure 2 – Experimental setup used to measure the bulk waveform various temperatures 

To quantify the impact of the variability due to the position of the ultrasonic transducers on the 

thermal modulation test, the thermal modulation test was repeated three times with systematic removal 

and repositioning of the two ultrasonic transducers.  In each experiment, a sample was heated from 

25 °C to the specified temperature (30 °C, 35 °C) and then cooled down to 25 °C at a rate of 0.2 ℃
/40 min, a total of two heating and cooling cycles. This rate of temperature change can avoid 

temperature gradient and ensure uniform thermal strain in the sample.  

3.3 Measurements 

3.3.1 Stepwise Coda Wave Interferometry 
Coda wave interferometry (CWI) was proposed by Snider et al.  (16) as a high-precision method 

for evaluating very small wave velocity variations of a medium and is widely used in the field of 

geological engineering. It has also been applied to ultrasonic-based NDT and SHM, to capture subtle 

time-lapse variations in the medium due to various impacts of stress (17, 18), humidity (19), and 

temperature (16, 20). 

Coda waves are formed by multiply scattering in the medium. It is more sensitive to small changes 

in the properties of the medium due to its long propagation path compared to direct waves . Fig. 3 

shows two P-waveforms recorded for the 6061-T6 aluminum alloy at a temperature of 25 ℃ and 

heated to 26 ℃, respectively. Note that the time shift in direct arrivals is almost indistinguishable 

while the coda waves show an apparent time shift. 



 

 

 

Figure 3 – The average full waveforms collected from the 6061-T6 aluminum sample (2 mm) by the P 

wave ultrasonic transducer at 25 and 26 ℃ 

The primary signal processing approach for CWI is to determine the relative velocity change by 

the time shift between the coda waves obtained at different times. There are two main methods used 

in CWI for estimation of the relative time shift between waveforms, the doublet method (16) and the 

stretching method (21). The advantage of the stretching method is that the size of the time window is 

much larger (even the whole signal can be used) than that used in the doublet method, and the 

calculation results are more stable, reliable, and precise. Therefore, the stretching method is used to 

calculate the relative time shift of code waves in this paper. 

  
(a) Original signals (b) Stretching of the reference signal  

Figure 4 – Schematics of signal stretching for coda wave interferometry (CWI) 

In the stretching method, a time delay of Scur(t) is modeled by stretching the time axis of Sref(t), 

schematically illustrated in Fig.4. First, Sref(t) is interpolated at times t(1+ϵ) with various values of ϵ 

for the signal stretching in the time window of [t1, t2]. Then the stretching factor (ϵ𝑚𝑎𝑥) is obtained 

by selecting a ϵ value that maximizes the correlation coefficient (𝐶𝐶) between Sref(t(1+ϵ)) and Scur(t) 

as follows: 

𝑆𝜖
𝑟𝑒𝑓

(𝑡) = 𝑆𝑟𝑒𝑓 (𝑡(1 + 𝜖)) (18) 

𝐶𝐶(𝜖) =
∫ 𝑆𝜖

𝑟𝑒𝑓(𝑡)𝑆𝑐𝑢𝑟(𝑡)𝑑𝑡
𝑡2

𝑡1

(∫ (𝑆𝜖
𝑟𝑒𝑓 (𝑡))2𝑑𝑡

𝑡2

𝑡1
∫ (𝑆𝑐𝑢𝑟(𝑡))2𝑑𝑡)

𝑡2

𝑡1

1
2

 (19) 

and 

ϵ𝑚𝑎𝑥 = 𝑎𝑟𝑔𝑚𝑎𝑥
𝜖

(𝐶𝐶(𝜖)) =
𝛿𝑡

𝑡
= −

𝛿𝜐

𝜐
 (20) 

In our experiments, the correlation between the initial waveform and the subsequent waveform 

deteriorates with temperature when the discrepancy from the initial temperature is large. To overcome 

this issue, we calculate the stepwise relative time shift 𝜖𝑚𝑎𝑥
𝑖,𝑖−1

 between consecutive waveforms 𝑆𝑖−1 

and 𝑆𝑖 at the adjacent temperature interval (0.2 ℃) and then multiplied to provide a time shift on the 

cumulative changes relative to the initial temperature of the experiments. With these modifications, 

Stepwise CWI (22) now is expressed as 



 

 

𝐶𝐶𝑖(𝜖) =
∫ 𝑆𝑖−1(𝑡(1 + 𝜖))𝑆𝑖(𝑡)𝑑𝑡

𝑡2

𝑡1

(∫ (𝑆𝑖−1(𝑡(1 + 𝜖)))2𝑑𝑡
𝑡2

𝑡1
∫ (𝑆𝑖(𝑡))2𝑑𝑡)

𝑡2

𝑡1

1
2

 (21) 

and  
𝛿𝑡

𝑡
= ∏ (𝜖𝑚𝑎𝑥

𝑖,𝑖−1 + 1) − 1
𝑘

𝑖=1
 (22) 

3.3.2 Calibration of the ultrasonic transducer 
To ensure the accuracy of the experimental results, it is necessary to account for the apparent time 

shifts caused by the external deviation of the experimental procedure, including the temperature 

response of the ultrasonic transducer. Because of the low thermal expansion coefficient of fused quartz, 

the time shift produced by itself should be equal to the same order of magnitude regarding the 

influence of thermal expansion. Any deviation from these relative time shifts is expected to originate 

from external factors. Here  

In this paper, the thermal modulation experiment of fused quartz plates with the same geometric 

size is carried out by using the same experimental equipment  (23). The heating and cooling cycle in 

the temperature range of 25 ~ 40 ℃ is repeated three times. The relative time shift per 0.2 ℃ is 

calculated by using Stepwise CWI. The experimental results are shown in Figure 5.  

  
(a) S wave ultrasonic transducer  (b) P wave ultrasonic transducer 

Figure 5 – The stepwise CWI relative time shift per 0.2℃ with temperature calculated from waveforms 

recorded over three cycles of heating and cooling of a fused quartz sample 

The data in the figure are the average values of the three repeated experiments. It can be found 

from Fig. 5 (a) that the positive relative time shift (about 1.16×10−4) with the increase of temperature 

is measured by the S wave transducer, and the negative relative time shift (about 1.27×10−5) with the 

increase of temperature is measured by the P wave transducer, which is significantly greater than the 

thermal expansion coefficient of fused quartz (5.4×10−7). We expect that the observed relative time 

shift (Figure 5) may be due to wave scattering/reflection within the steel casings of the sensors, and 

the sensitivity of the electro-elastic response of the piezo-ceramic transducers to temperature.  

4. EXPERIMENTAL RESULTS AND DISCUSSIONS 

In this section, we investigate the variation of ultrasonic velocity with temperature in thermal 

modulation experiments using the stepwise CWI mentioned in Section 3.3.  

  
(a) S coda wave in the time window of 

 [20.3 μs, 21.4 μs] 

(d) P coda wave in the time window of 

 [64.4 μs, 66 μs] 



 

 

Figure 6 – P- and S- waveforms of 6061-T6 aluminum alloy sample under the thermal modulation heating 

experiment showing coda waves shifting right with temperature  

Fig. 6 shows the pulse-echo waveforms acquired by the S wave and P wave ultrasonic transducer 

during the thermal modulation heating experiment (temperature range is 25 °C to 35 °C) at specific 

time windows, where the S-waveforms are selected for [20.3 μs, 21.4 μs] and the P-waveforms are 

selected for [64.4 μs, 66 μs]. It can be found from the figure that with the increase in temperature, it 

can be clearly observed that there is a positive time shift in the coda wave, indicating that the wave 

velocity decreases. In addition, the information on waveform changes with temperature includes not 

only time shifts but also amplitude changes, although in this paper only the time shifts of the waveform 

are analyzed. Subsequently, the relative changes in S wave and P wave velocity were extracted using 

Equations (21) and (22). 

Fig. 7 presents the results for relative P wave and S wave velocity changes due to temperature 

change. The data points in the figure are the average values of the three repeated experiments.  The 

results show that the S wave velocity is more sensitive to changes in temperature than the S wave 

velocity, consistent with the findings of Weaver and Lobkis (24). Compared with the acoustoelastic 

data of uniaxial experiments by Zhong et al. (25), it can be found that the relative wave velocity  

changes due to the thermal effect are greater than that caused by uniaxial loading under the same 

strain. 

  
(a) S wave relative velocity change in heating 

cooling cycle 1 

(c) P wave relative velocity change in heating 

cooling cycle 1 

  
(b) S wave relative velocity change in heating 

cooling cycle 2 

(d) P wave relative velocity change in heating 

cooling cycle 2 

Figure 7 – Thermal cycle measurements in the 6061-T6 aluminum alloy: relative change of ultrasonic wave 

velocity as a function of the temperature. Blue circles indicate decreasing temperature while red circles 

indicate increasing temperature 

Many previous studies(20, 26) indicate the linear relationship between the relative velocity change 

and the temperature change in metals. Figure 7 demonstrates that in thermal cycling experiments on 

6061-T6 aluminum alloy, there is a thermal hysteresis between the relative wave velocity change and 

temperature, i.e. the slope of the relative change in wave velocity with temperature is not equal 

between the heating and the cooling process. A comparison of Fig. (a), (b), (c), and (d) shows that the 

thermal hysteresis effect is more pronounced for S waves than for P waves and that t he area of the 

thermal hysteresis region increases as the thermal modulation temperature range increases.  

The theoretical derivation in section 2 shows that the relative variation of wave velocity with 



 

 

thermal strain is related to the third-order elastic constants of materials. In this paper, the average 

slope of the relative change in wave velocity with temperature in a thermal cycling experiment is 

defined as the thermal-acoustoelastic coefficient (TAEC) and used to characterize the classical 

nonlinearity of materials. 

5. CONCLUSIONS 

In this work, a nonlinear ultrasonic thermal modulation method is developed for the detection of 

early damage in 6061-T6 aluminum alloy. The method uses thermal strain as the driving force for 

wave velocity variation, designs thermal cycling experiments for different temperature ranges, and 

analyzes the acquired pulse-echo signals using stepwise coda wave interferometry to extract the 

relative change of ultrasonic wave velocity with temperature.  The experimental results show that the 

sensitivity of wave velocity changes due to thermal strain is higher than that of acoustoelastic effects, 

and the sensitivity of the S wave to temperature changes is stronger than that of the P wave. It was 

also found that in thermal cycling experiments, both S wave and P wave have thermal hysteresis 

effects, and the slope of the relative change in wave velocity with temperature is not equal during the 

heating and cooling process, where the thermal hysteresis phenomenon is more obvious in transverse 

waves, and the larger the temperature range, the larger the area of the thermal hysteresis region  

This study shows that the selection of shear wave is beneficial to improve the sensitivity of 

nonlinear thermal modulation detection. The TAEC proposed in this paper are related to the third-

order elastic constants of materials, which can be used to characterize the nonlineari ty of materials 

and serve as an important evaluation index for the early performance degradation of materials.  
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ABSTRACT 
The stepped-plate parametric array loudspeakers (SPPALs) technology has been developed in VATrans Lab. 
of POSTECH since 2008 when we started for the way to evolve a wide-band ultrasonic sound beam radiation 
transducer in air from the conventional stepped plate radiator for single-frequency ultrasonic sound beams, 
which was first proposed by Gallego et al. In 2010, sound beams at two frequencies are shown to be 
successfully radiated from a stepped-plate radiator with modified steps. In 2018, we also succeeded in making 
a modified stepped plate radiator that can emit sound beams of wide frequency bandwidth, and then name it 
as Stepped Plate Parametric Array Loudspeakers (SPPALs) because it can generate wide-frequency-band 
audible sound beams. Until now, the SPPALs technology is still evolving by adopting light and flexible 
polymer steps to tolerate the difficulties in the design process for equipped with multi-resonance around the 
operating frequency and reduce the power dissipation in piezoelectric stack actuators. In this paper, the 
development of SPPALs technology is briefly reviewed and its present status is also presented. 
 
Keywords: Parametric array, Directional loudspeaker, Stepped-plate transducer, Sound beams 

1. INTRODUCTION 
Many people accustomed to acoustic devices know well about the Parametric Array (PA) 

loudspeaker that can generate extraordinarily directional audio sounds, but it does not seem to be 
widely used in everyday life. One may imagine that the PA loudspeaker (PAL) could be substituted 
for the earphones in some circumstances and that it could transfer some pieces of important 
information, by use of highly direction sounds, only to a person who stands at a specified spot. Such 
imagination cannot be realized because the conventional PALs in the market cannot make it happen. 
The characteristics of the current PALs such as its directivity, sound pressure level and reaching range 
of audio sounds, are almost the same. It may be said that the current technology level for the PALs 
has not been well developed yet to realize the various wishes using the PALs that can be imagined.  

The basic working mechanism of PALs would be well explained by use of the difference frequency 
generation phenomenon during the progressive transmission of strong sound beams with more than 
two frequencies. The theories can be found in the nonlinear acoustics, which can explain precisely 
and predict the PA sounds generated through the interactions between strong sound beams with 
different frequencies. Once the strong sound beams are identified to generate the highly directional 
PA sounds, an appropriate sound beam emitter should be designed and fabricated to realize the PALs. 
Therefore, in order to control the acoustic properties of target PA sounds, the Parametric Acoustic 
Array phenomenon should be understood in detail and choose some specific conditions for generation 
of target sounds by considering the required functions and properties. Nowadays the numerical 
simulation tools are well developed to predict the PA phenomenon, hence they can be used for concept 
design of PALs. However, they are not widely used in the design processes for the PALs probably 
because the are not sufficiently user-friendly, hence, the PALs-developing engineers could utilize them 
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with ease in the design processes for PALs. The difficulties in learning the nonlinear acoustics, may 
provide engineers with another strong reason for rare use of the analytic or numerical tools. 

The in-air radiators for strong sound beams must be one component that supplies many difficult 
technological hurdles to be cleared. In the conventional PALs, ultrasonic sound beams are usually 
used as the primary waves to indirectly generate the secondary (PA) audible sounds with high 
directivity so that they could be transmitted only to the listeners in a certain direction, since the highly 
directional primary ultrasonic sound beams can endow the PA audio sound with similar high directivity. 
All PALs in the market use the 40-kHz ultrasonic primary sound beams as the primary ultrasonic beam. 
This implies that most of the PA sound generated by the conventional PALs might have almost the 
same properties. In addition, the unit drivers for emitting the primary ultrasonic sound beams are 
identical in most of the current PALs, and all PALs are formed by use of the massive array of ultrasonic 
unit drivers. Since Yoneyama first suggested the concept of PALs in 1983, the piezoelectric bimorph-
based transducer, used typically for automobile ultrasonic ranging sensors, is normally adopted as the 
unit radiation driver for the PALs. Since the conventional PALs are fabricated by use of assembling a 
large number of unit drivers, the manufacturing cost of conventional PALs should be too high. 
Moreover, the special signal processing unit and the power amplifier unit are also required to properly 
use the PALs, which makes to PALs are too expensive and have limited applications to become a 
popular acoustic device in everyday life for its commercialized period of 24 years until today. 

In 2018, Hwang et. al in VATrans Lab. of POSTECH, has published a paper that reports their 
successful development of a mono-driver PA loudspeaker named as Stepped Plate PA Loudspeaker 
(SPPALs) by modifying the conventional Stepped Plate Radiator, known as a mono-frequency sound 
beam source transducer, suggested and developed by Gallego et. al. The second version of SPPALs 
was built in 2019 and reported to the public in 2022. A new fabrication technology has been proposed 
and adopted in the study so that the severe difficulties could be released in prediction of the natural 
frequencies and their corresponding mode shapes for the design of a required stepped circular plate, 
which are the inevitable information to determine the locations of the steps on the flat circular plate. 
Recently we have designed and fabricated the third version of SPPALs to improve the performance. 

In this paper, the history of the SPPALs built in VATrans Lab. is briefly introduced. In the 
description of our development, the design and the fabrication techniques for the SPPALs would be 
treated in the aspect of how they are interconnected each other, in addition to the background acoustic 
theoretical models.  

2. CONCEPTUAL DESIGN OF PALS 

2.1 Parametric Acoustic Array Phenomenon 
The parametric acoustic array, frequently abbreviated as PA, is an acoustic phenomenon that 

generates extraordinarily directional low-frequency sounds from highly directional sound beams at 
higher frequencies radiated from a relatively small aperture [1, 2]. The mechanism of PA is frequently 
considered as the difference frequency sound generation through nonlinear interactions between 
strong sound beams with two frequencies: A strong sound beam with two frequencies f1 and  would 
generate secondary sounds with the following other frequencies through nonlinear interactions 
between the sounds at the two frequencies during the propagation: , , , , , 

, . Figure 1 shows a conceptual illustration of the difference frequency wave generation 
phenomenon through the non-linear acoustic interaction. The difference frequency sound would be 
heard by the human if the primary sounds are ultrasonic. And it would survive after long propagation 
since the absorption of ultrasonic sounds would be much higher than that of audible sounds.  

 

 
Figure 1 – Conceptual diagram of the frequency conversion by non-linear interaction in the medium. 
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2.2 Theoretical Model for the PA 
The Westervelt equation may be the nominal model equation of the acoustic wave behaviors 

including the comprehensive nonlinear cumulative effects due to interactions in strong sound beams.  
In fact, the Westervelt equation is an approximation of the second-order wave equation by ignoring 
the local effects and it includes the nonlinear terms as given in the right hand side of the following 
equation in addition to the linear acoustic equation term as given in its left hand side:  

,          (1) 

where δ is the sound diffusivity and β is the non-linear coefficient [3,4]. Although Equation (1) can 
predict the propagation characteristics of waves in all directions, since the attentions are usually 
focused only on the major part of sound beams in many applications of nonlinear acoustic 
phenomenon, the following KZK (Khokhlov-Zabolotskaya-Kuznetsov) equation is preferred by 
researchers on the PAL and other applications of nonlinear acoustics:  

,          (2) 

where . [3]  
It is well-known that the analytical or numerical predictions based on Eq. (2) might be valid inside 
the circular conical region defined by its aperture less than double of 20 degrees [5].  

Several analytic approximate solutions are known for the Westervelt equation as well as the KZK 
equation and several numerical simulation packages are also well developed on both. Therefore, the 
numerical predictions are possible on the PA sounds for a given sound source condition. The spatial 
acoustic pressure distribution of PA sounds generated from a given sound beam is shown in Fig. 2(b), 
while that of the same frequency sounds as that of the PA is shown in Fig. 2(a) if it is directly radiated 
from a sound source with an identical aperture size.  

 

 
Figure 2 – Sound pressure field of (a) conventional source and (b) parametric array source with a same 

aperture size and frequency. 

 
However, either the analytic solutions or the numerical simulation tools do not seem to be well 

utilized in the design process for PALs. It might be because it usually takes too long time to prepare 
oneself for using them. In order to properly prepare oneself an engineer should learn the pretty 
complicated nonlinear acoustic theory and how to use the numerical simulation tools on nonlinear 
phenomena in acoustics for obtaining the necessary information from simulations for PALs design. 
Moreover, the commercial values of PALs are not sufficiently high to get sufficient investment, which 
may be the real cause of the too low speed in the PAL technology development.  

 

3. GENERATION OF SOUND BEAMS IN AIR 

3.1 Difficulties to overcome for building an in-air sound beam radiator 
As mentioned in the above, the PAL requires ultrasonic sound beam radiators in air. The large 

mismatch in radiation mechanical impedance in air (415 Rayls) and the internal transducer mechanical 
impedance (e.g., 34 MRayls for PZT) [6]. This mismatch in radiation impedances may be overcome 
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by introducing plate-like structures to magnify the radiation area, but the bending deformation in the 
plate-shaped structure would hinder the advantage by the introduction, since the frequency of 
fundamental mode of a plate-form structure with a typical size and geometry is less than 20 kHz, 
which is the maximum frequency of audible sounds. Specifically speaking, a circular flat plate could 
not emit a sound beam at an ultrasonic frequency if it is excited at its center point in the axial direction, 
since the the phase differences between the areas separated by the nodal lines would cancel out the 
sound pressure on the acoustic axis [10]. It is miniaturization that makes it possible to escape from 
the effects by the bending deformation. It is, hence, the reason why in-air ultrasonic radiators would 
be composed of small sized unit radiators such as the piezoelectric bimorph type radiator in the 
ultrasonic ranging sensor, which is widely used for automobiles. [6−9] 

In 1972, Gallego et. al proposed an in-air sound beams source transducer composed of a circular 
plate with steps at its appropriate locations, a Langevin-type mechanical resonator with several PZT 
discs and a horn attached at its one end, which connects the resonator with the circular plate [10]. It 
was shown that the transducer, called Stepped Plate Transducer, can emit an ultrasonic sound beam 
effectively. 

3.2 Stepped Plate Transducer: Mono-frequency ultrasonic sound beam radiator 
As mentioned above, the bending modes of a circular plate may cause destructive interference of 

radiated sound waves due to the inconsistent phases [10]. Gallego et al. proposed a method to 
overcome the phase differences due to the vibration modes of a plate structure; appropriate steps are 
installed on the circular plate surface with the height of the half-wavelength of the target ultrasonic 
sound in air so that the out-of-phase motion of one area could radiate sound at the location half-
wavelength forward to the propagating direction (see Fig. 3(b)) [10]. After the half period, the sound 
radiated on the plate surface would meet the sound made from the top of steps, which starts in the 
half-wavelength in front to the propagating direction with the half-period time lag. The sounds from 
the bottom and the top of steps would be in phase, hence, when they meet each other in the position 
sufficiently far away from the radiating surfaces. It is the way to overcome the phase differences in 
the sounds radiated from the out-of-phase regions in the circular plate due to the mode in the stepped 
plate radiator.  

The concept of the stepped plate transducer has been well realized and used as an effective 
ultrasonic sound beam radiator in air more than last 50 years. In 2006, we started investigating the 
possibility to adopt the stepped plate transducer as the transducer mechanism for building a new low-
cost single-body PA loudspeaker. The first thing to do must be to modify the mono-frequency in-air 
sound beam radiating stepped plate transducer so that it could generate multi-frequency sound beams. 
It took less than 4 years to attain the first goal in the way to the final remote target. 

 

 
Figure 3 – Stepped-plate directional ultrasonic radiator: (a) transducer structure and (b) first description of 

the phase compensation principle [10]. 
 

3.3 Modified Stepped Plate Transducer: A bi-frequency sound beam source  
In 2010, Je et al., in VATrans Lab., reported a modified stepped-plate radiator that can radiate 

directional ultrasonic sound beams with two frequencies [6]. The basic concept of the proposed 
modification is to properly install the steps with two different heights on the appropriate locations on 
the circular plate. The locations as well as the heights should be determined by the given two 



 

 

frequencies for sound beams. The limitation of the approach is that the ratio of the two frequencies 
should be a rational number. However, it is not a severe limitation in engineering point of view because 
the rational numbers are dense in real numbers. In addition to bi-frequency sound beam generation, 
the mono-frequency PA sound can be successfully observed in the experiments reported in the paper 
[6]. 

However, since the PAL requires wide-frequency-band sound beam radiation, it seemed to be so 
deficient in building a PALs using the stepped plate transducer technology, but obviously it was the 
the first step to the final goal, the first SPPALs. It took about 8 years for the first SPPALs to appear 
in VATrans Lab.  

 

 
Figure 4 – Bi-frequency stepped plate radiator: (a) transducer structure, (b) two types of the steps for phase 

compensation of two ultrasonic frequencies and (c) radiation patterns of the generated difference frequency 

waves. 
 

4. STEPPED PLATE PARAMETRIC ARRAY LOUDSPEAKERS (SPPALs) 

4.1 SPPALs: a Wideband Modified Stepped Plate Ultrasonic Emitter 
In 2018, Hwang et al. reported their success in constructing a new PAL based on the Stepped Plate 

Transducer, which can be seen as an upgraded version of the first in-air PA sound source transducer 
developed by Je. The new PAL was named as Stepped Plate Parametric Acoustic Array Loudspeaker 
(SPPALs) [11]. In addition to the ingenious design methods of the height and locations of the steps 
on the circular plate, the multi-resonance structure is also intentionally devised so that the vibration 
amplitudes around the operating ultrasonic frequency would be increased by the closely-located multi-
resonances inside the operating frequency band. The design processes are so complicated and time-
consuming to find the proper configurations of the stepped plate and the Langevin transducer with a 
horn since the design parameters are do strongly coupled each other that all design parameters should 
be determined simultaneously together. Even after fixing all parameters properly, the temperature 
increases in the PZT actuating discs has been found while the SPPALs is operated during the time 
shorter than 5 minutes. Despite the several technical issues, it is obviously the first SPPALs ever 
designed and built.  

 

 
Figure 5 – First version of SPPALs. (a) Transducer structure and (b) frequency response in audible range. 

 
The configuration of the first SPPALs is shown in the left side of Fig. 5 and its right side shows 

the frequency response function (FRF) of the output PA sounds relative to the input signals. Since the 
system is nonlinear, the shown FRF does not need to be valid for any input signals with arbitrary 
levels and frequency contents. However, the acoustic output from it suggests that it could be a 



 

 

loudspeaker for wideband sounds. Since the SPPALs have a simpler structure than the conventional 
array-type PALs, it can reduce the manufacturing cost considerably so that it could make the PALs to 
become a more popular device widely used in everyday life. 

 

4.2 PC-SPPALs: SPPALs with polymer composite steps 
The first version of SPPALs was designed and built based on the design methods proposed by 

Hwang. He suggests the method to determine the heights and locations of steps on the circular plate 
surface such that they could compensate the phase difference due to the vibration modes more 
effectively in the wide frequency bands provided that the vibration pattern of plate would not change 
much. Obviously, there is no exact one configuration that satisfies the requirements. It should be a 
matter of compromises and object-based optimizations. Moreover, it is extremely difficult to predict 
the vibration mode shape of a circular plate with arbitrary addition of steps on the surface. Even the 
resonance frequency would be altered by adding some steps [11]. Hwang suggests a design guide for 
building a proper stepped plate for a given operating frequency that the stepped plate should be so 
designed that its basic thickness would be sufficiently large; the thickness of plate cannot be smaller 
than the maximum step height [11]. This guideline may be adoptable since the wavelength of operating 
ultrasonic sound is sufficiently small. And it brings about the low radiation efficiency and the long 
design processes to find out the proper geometry of an appropriate stepped plate for a given operating 
conditions. In addition, the entire stepped plate and the driver with the horn should be fabricated as 
one piece without any bolt joints. Even the welding is not allowed due to the fact that the structure 
should be in highly stressed states during the operation period. In other view point this manufacturing 
constraints provide a critical disadvantage in lowering the fabrication cost.  

Another problem in the first version of SPPALs was degradation in the performance caused by the 
temperature increase in the PZT body. Under the high voltage driving condition, the equivalent 
mechanical Quality factor of the PZT discs is the lowest among all components of the SPPALs since 
others are composed of aluminum [12−14]. It leads to a relatively large temperature increase in the 
PZT actuating parts to result in the shift in their material constants and in the system resonance 
frequency in turn, which eventually causes to reduce the vibration amplitude of the plate and the 
volume of sounds.  

To overcome the problems described above, we started seeking for the solution in 2017. One 
approach to the solution is to fabricate the steps composed of such a light and flexible material, and 
attach them on the circular flat surface, that the resulting stepped plate would preserve the original 
natural frequencies and the corresponding mode shapes of the flat one. The original purpose of this 
approach was to reduce the design difficulties of the proper stepped plate for a given operating 
frequency, which turns out, however, to solve the second problem either. In Figure 6(a), the circular 
plate is depicted in the photograph with the polymer composite steps and the horn connecting the 
driver with the center of plate.  

 

 
Figure 6 – SPPALs with the composite polymer steps. (a) Transducer structure, (b) mode shapes with and 

without composite polymer steps, and (c) frequency response in audible range, respectively. 
 
The detailed report is published in 2022 on the Polymer-Composite-Stepped Plate PA Loudspeaker 

(PC-SPPALs) by Kim et. al [15]. The first step in the research work might be to find the required 
values for the Young's modulus and mass density so that addition of the steps would not change the 
plate dynamic property. After finding the values, we need to search for specific real materials 
satisfying the requirements. The chosen composite polymer has a density of 1100 kg/m3 and Young’s 
modulus of 3.5 GPa [15]. It was shown that the composite polymer steps would make negligible effects 
on both the flexural vibration modes and the resonant frequencies. With the help of the chosen material, 



 

 

Kim et al. successfully minimized the thickness of the plate. Moreover, the relatively higher value of 
mechanical damping in the polymer composite material would considerably reduce the energy 
dissipation in the PZT actuating parts so that the temperature would not severely change to cause the 
performance degradation. In Fig. 6(b), the mode shapes of the circular flat plate (left) and the circular 
polymer-composite stepped plate while the FRF is given in Fig. 6(c) of the PC-SPPALs built in the 
research work depicted in Reference 15.  

 

4.3 Research on Improvement of performance of SPPALs 
Although adoption of the polymer composite steps solves the two serious problems in the first 

version of SPPALs, several shortcomings are still left. One may be the insufficient strength of target 
audio sounds. In order to increase the target sound loudness, the vibration amplitude of the stepped 
plate should be increased. There are various ways to increase the vibration amplitudes of the stepped 
plate since it is determined by the detailed design of the horn and the Langevin transducer parts. Since 
the dimensions of the second version of SPPALs were carefully determined considering the 
manageability of the design-by-analyse routines in addition to the directivity and audible range of PA 
sounds, there is strong needs to maximize the vibration amplitude by optimizing the whole structure 
of SPPALs including the Langevin transducer, the horn, and the stepped plate, which would respond 
as a one body after connecting the Langevin transducer with the plate through the horn. The 
manufacturing techniques also effectively restricts many options in design parameters. 

Other shortcoming is found in the directional pattern of the audible PA sounds. In a certain 
frequency band inside the audio region, the PA sounds can be heard outside the target direction such 
as 30 degrees off from the acoustic axis of the SPPALs. It could be improved by optimizing the height 
profiles and their locations, but it has not been done yet. 

We have focused our attention on increasing the audio sound volume in last 3 years. The first step 
to the goal is to develop an appropriate model for concept design of the SPPALs structure, which 
should be sufficiently light for repeated numerical simulations in finding the optimum design 
parameters. Oh has developed a pretty simple model called Simplified Vibration Model (SVM) to 
predict the dynamic responses of the whole system of PC-SPPALs [16]. In the SVM, the 1-dimensional 
longitudinal vibration of a rod is adopted to express the vibration behaviors of the horn part, the head 
and tail parts of Langevin transducer, and the piezoelectric actuating part. It is noteworthy that a more 
accurate model for the polymer-composite-stepped plate is developed based on the modified Mindlin 
plate theory (MMPT), which is an advanced plate theory to accurately predict the behavior of the 
moderately thick plate at its higher mode vibrations [17]. A better design of PC-SPPALs can be devised 
in the viewpoint of the audio generating performance by use of an objective function defined as 
Performance Index (PI), which is related with the ‘target slant frequency response region’ that should 
be determined by the closely spaced two resonance frequencies of the circular plate and the driver 
part [16]. The fabricated newly-designed PC-SPPALs can achieve 8.2 dB increase in the average sound 
pressure level (SPL) of audible PA sounds and 10 dB increase of 1 kHz PA sound.  

Even though the PA sound volume has been considerably improved compared to the previous 
versions of SPPALs, it does not seem to be sufficient. Hence, a critical change in the structure and 
mechanism of the driver may be required to meet the target PA sound volume. In addition, the 
directional characteristics of SPPALs should be also improved. Therefore, technology development 
needs to be continued to improve the performance of SPPALs.  

 
 

5. CONCLUSIONS 
In this paper, the stepped-plate loudspeaker (SPPALs) technology is briefly discussed in its 

historical viewpoint and its technological status. The stepped plate transducer, a mono-frequency in-
air sound beam radiator, has been evolved, through a bi-frequency in-air sound beam emitter and a 
mono-frequency PA sound beam radiator, to the wideband PA sound beam radiator, which implies that 
it becomes a Parametric Acoustic Array Loudspeaker. After a first successful prototype of the SPPALs, 
two defects were identified. Fortunately, the approach to solve one of the two dissolves both. The 
resulting second version of SPPALs is the Polymer-Composite-Stepped Plate Transducer in which the 
polymer composite steps would be fabricated on the flat circular aluminum plate using the molding 
technique.  



 

 

Since the SPPALs can be a low-cost PALs, it can make the PALs technology to be more frequently 
and more widely used in everyday life. However, the SPPALs technology should be improved more 
in order to be conveniently used in many potential applications.  
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ABSTRACT
Miniaturized microelectromechanical systems (MEMS) microspeakers are a current development trend for in-
ear audio applications. However, when a transducer shrinks to a size that fits on a microelectronic chip, its
physics begins to differ from the effects governing the macroscopic world. On the one hand, the electrostatic
drive benefits from small electrode gaps, which lead to high driving forces. On the other hand, the fluid dynamics
of the air in the microscopic cavities of a microspeaker chip can cause strong damping forces, including severe
nonlinearities. Adequate damping is considered beneficial for wideband audio applications, however, nonlinear
damping effects introduce unwanted harmonic distortion and should therefore be avoided, or at least taken into
account, throughout the development process. In this presentation we will discuss the source and nature of such
effects and give an outlook on how to reduce them in designs.

Keywords: Sound, Insulation, Transmission

1 INTRODUCTION
Nonlinearities of fuid dynamic damping can be neglected in most applications of mechanical vibrations, since
the displacement amplitudes typically are extremely small, compared to the dimensions of the fluidic domains.
However, considering a MEMS-based transducer, as shown in Fig. 1a, the amplitudes of the air-displacing
structures (e.g. membranes) can be considerable, compared to the microscopic size of the inner cavities of the
transducer. Especially, in the case of lateral transducers [3, 7] (see Fig. 1b) the actuators are densely packed
increasing the usage of the wafer area. In this case, actuator movements can cause nonlinear system responses.
For MEMS transducers, used as microspeakers, and operating at audio frequencies, these nonlinearities need to
be carefully addressed by a suitable design, ensuring a high quality audio reproduction. Such MEMS micros-
peaker development requires accurate lumped parameter models for the relevant damping mechanisms. Suitable
models should be compatible with a suite of similar modelling tools, related to other aspects of the device
physics [4, 6, 8] . In this work we investigate a lumped parameter model for the nonlinear fluid dynamic
damping, called squeeze film damping, which is described by the Reynolds equation.

2 SQUEEZE FILM DAMPING AS LUMPED PARAMETER
Squeeze film damping is a viscous effect caused by a fluid, flowing in and out the volume enclosed between
two parallel plates, when the plates move towards or away from each other. This nonlinear effect is well
described by the Reynolds equation

∂

∂x

(
H3 p

∂ p
∂x

)
+

∂

∂ z

(
H3 p

∂ p
∂ z

)
= 12µ

(
H

∂ p
∂ t

+ p
∂H
∂ t

)
. (1)

Upon introducing several simplifying assumptions, suitable for ridgid parallel plates, this partial differential
equation can be reduced [2, 10, 9, 1] to

∂ 2∆p
∂ z2 =

12µ

H3
∂H
∂ t

, (2)
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a b c

Figure 1. a Exemplary MEMS microspeaker based on the nanoscopic electrostatic drive technology. [3] b
Principle of creating sound pressure using the lateral motion of MEMS actuators. [3] c Sketch of the setup as
discussed in this paper, with dimensions.

where ∆p is the change in pressure, H is the gap size, and µ is the dynamic viscosity of the fluid. The resulting
total squeeze film damping force acting on the MEMS actor, is given by the integral of this pressure over the
exposed actuator surface area,

∆F(t) =
∫

A
∆p(z, t)dA. (3)

In the following we consider the scenario shown in Fig. 1c. A moving plate facing a fixed wall displaces
air in a narrow slit with a single opening over the full length of the slit at z = h/2. This leads to the following
boundary conditions [5]

∆p(z =+h/2) = pA,

∂

∂ z
∆p(z =−h/2) = 0,

∂

∂x
∆p(x =+L/2) = 0,

∂

∂x
∆p(x =−L/2) = 0.

Here pA is an acoustic pressure at the slit opening. Using these boundary conditions, the simplified Reynolds
equation can be integrated, leading to the following force model

∆F(t) =−4µh3L
H(t)3

dH(t)
dt

, (4)

where L is the actor length and h is the actor height as shown in Fig. 1c. To calculate the damping force
caused by an externally imposed harmonic movement, we make the approach

H(t) = u0 − ûcos(ωt) , (5)

with u0 as the initial gap and û as the amplitude of harmonic oscillation (see Fig. 1c). The change of the slit
height H is negligible for small amplitudes. In this case we obtain a constant damping coefficient

c =
4µLh3

u3
0

, (6)

as known from linear oscillator theory. However, in case of MEMS microspeakers with laterally moving actors,
deflections beyond the scope of the linear theory may occur. To obtain the nonlinear damping force relevant to
larger actuator movements, we insert Eq. (5) into Eq. (4) leading to

∆F(t) =
4µh3Lωβ

u2
0

f (t) , (7)



with

f (t) =
sin(ωt)

(1−β cos(ωt))3 , (8)

where we have introduced the nondimensional normalized displacement amplitude β = û
u0

.

3 HARMONIC DISTORTIONS CAUSED BY NONLINEAR DAMPING
When exposed to the nonlinearity of a squeeze film damping force according to Eq. (7) and Eq. (8) , the
movement of a MEMS actuator will be subjected to harmonic distortions. To a certain extend these damping
force distortions will affect the acoustic performance of the microspeaker. The purpose of this section is to
extract the respective harmonic components of the damping force. In a sequel to this study we will analyse
their impact on the beam dynamics and on the acoustic total harmonic distortion.

To analyse the higher harmonics of the damping force, we expand f (t) as a Fourier series

f (t) =
∞

∑
n=1

(an cos(nωt)+bn sin(ωt)). (9)

The Fourier coefficients bn are given by the integrals

bn(β ) =
ω

π

∫ + π
ω

− π
ω

sin(nωt)sin(ωt)

(1−β cos(ωt))3 dt (10)

and all an vanish due to symmetry. The bn integrals can be analytically evaluated. The first three coefficients
are

b1(β ) =
1

(1−β 2)3/2 , (11)

b2(β ) =
4

β 3 − 4−6β 2

β 3 (1−β 2)3/2 , (12)

and

b3(β ) =
24
β 4 −

3
(
3β 4 −12β 2 +8

)
β 4 (1−β 2)3/2 . (13)

The harmonic distortion is characterized by the harmonic distortion coefficients kn, defined as the ratio between
the higher harmonic amplitudes and the fundamental. In our case this amounts to

kn(β ) =

∣∣∣∣bn

b1

∣∣∣∣ (14)

with n ≥ 2. The first two distortion coefficients can be evaluated as

k2(β ) =
6
β
− 4

β 3 +
4

β 3

(
1−β

2)3/2
=

3
2

β +
1
4

β
3 +O(β )5 (15)

and
k3(β ) =−9+

36
β 2 − 24

β 4 +
24
β 4

(
1−β

2)3/2
=

3
2

β
2 +

45
16

β
4 +O(β )6. (16)

Finally we use Parseval’s theorem and b1(β ) to compute the total fluid dynamic harmonic distortion. In our
case Parseval’s theorem reads as

ω

π

∫ + π
ω

− π
ω

f (t)2dt =
∞

∑
n=1

bn(β )
2 , (17)

leading to the result

THDSQ(β ) =

√
1− 1

∑
∞
n=1 kn(β )2 =

√
1− 4(1−β 2)3/2

3β 2 +4
. (18)



4 COMPARISON OF THE ANALYTICAL RESULTS WITH FEM SIMULATIONS
To assess the analytical model, we numerically solved the Reynolds equation using a 2D finite element method
(FEM) for rigid actuator plates. The simulation was implemented as a COMSOL Multiphysics code. Figure 2
shows the damping force for a single time period (cosine-driven), and for different β values calculated with
FEM and with Eq. (8). We observe that both curves (FEM and analytical) in Fig. 2 match each other well.
The model Eq. (8) therefore seems to provide a solid basis for including the effect described by the nonlinear
Reynolds equation into lumped parameter models. With respect to the impact of the squeeze film force on the
actuator dynamics, we note that the normalized peak force between β = 0.1 and β = 0.9 increases by a factor
of 121 and the peaks of the force amplitude are increasingly concentrating around the center of the period
(whiplash effect). This peak shift can be explained by the singular nature of the Reynolds model for the driving
force Eq. (8) at β → 1. A singular damping force, as predicted by the Reynolds equation Eq. (1), will however
hardly occur in reality, since rarefaction will occur (see Knudsen number) and the incompressibility assumption
of the Reynolds equation will be violated beyond a certain amplitude of the motion.

Figure 3a shows a more detailed comparison, based on distortion coefficients kn up-to order 6. Similar
to previous results, we observe overall a good match between the FEM simulation and the analytical curves.
For the highest harmonics and close to β → 1, a minor deviation can be noted for 5th and 6th harmonics at
β = 0.95. Despite this slight deviation close to the singularity, where the accuracy of the FEM simulation results
can be questioned, this supports the suitability of Eq. (8). Accordingly, Fig. 3a suggests that the nonlinear
behavior of the damping force is ruled only by the nondimensional amplitude β , i.e. by the displacement
amplitude normalized by the gap.

Note that the distortion coefficients kn, cf. Eqs. (15) and (16) are continuous and bounded functions over
the entire 0 ≤ β ≤ 1 range. In particular, it can be formally proven that

0 ≤ kn(β )≤ kn(β = 1) = n . (19)

The reader is invited to verify this for the examples of Eqs. (15) and (16) .

5 DISCUSSION
In this paper we show that the nonlinearity of the squeeze film damping force, as is relevant to MEMS mi-
crospeakers, can be suitably described by a simple lumped parameter force term. A suitable measure of the
respective nonlinearity, introduces by the squeeze film force into the dynamics of a MEMS actor, are the dis-
tortion coefficients kn as defined in Eqs. (14). Using FEM simulations, we demonstrate that these distortion
coefficients solely depend on the gap-normalized amplitude β . This observation is consistent with the Reynolds
based lumped parameter model for the damping force Eqs. (7) and Eqs. (8). In Fig. 3a we observe that k2
dominates for β ≤ 0.825, while higher harmonics exceed k2 for β > 0.825. In practical applications β ≪ 0.825
and the dominance of k2 can be expected.

However, it should be noted that the situation discussed here contains only the damping force, generated
by a harmonic displacement imposed on the actuator. Inertial and spring restoring forces are neglected. More
subtle nonlinearities, e.g. originating from Duffing or Coulomb forces, have to be included for more realistic
scenarios [4, 8]. Therefore, in real transducers, β is not necessarily the sole parameter affecting nonlinearity,
and the β dependency can significantly change, even if all the other components of the lumped parameter model
are assumed as linear. The simplest lumped parameter model in this regard is

mü(t)+
4µw3L

(u0 −u(t))3 u̇(t)+ k u(t) = Felec(t) . (20)

Although the distortion coefficients according to Fig. 3ab allow for a deeper insight into the nonlinear
behaviour of the damping force, they should be not mixed-up with the acoustical harmonic distortion (THD)
of a MEMS microspeaker. Computing the acoustical harmonic distortion requires solving a suitable equation of
motion, such as Eq. (20).
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Figure 2. Time-dependent normalized damping force caused by the squeeze film for different normalized am-
plitudes β .
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6 CONCLUSION
In this work we report a lumped parameter model of the damping force based on a simplified Reynolds equa-
tion. The model is verified comparing FEM results with closed expressions for the first harmonic coefficients,
the distortion coefficients, and the total fluid dynamic harmonic distortion THDSQ (not to be confused with
the resulting acoustic THD), as provided in this manuscript. The model provides a building block for realistic
lumped parameter models of MEMS microspeakers, including the nonlinearities of squeeze film damping.
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ABSTRACT 

Heated, supersonic rocket exhaust is a source of nonlinearly propagating acoustic waves. In this paper, 

nonlinear characteristics of shock-containing noise radiated from a United Launch Alliance Atlas V launch 

vehicle are discussed. Acoustic pressure recordings of a launch out of Vandenberg Space Force Base, CA 

were made at several stations at a range of 500-6400 m from the launch pad. The skewness of the pressure 

waveform time derivative (“derivative skewness”), a metric useful for quantifying shock content in high-

amplitude noise, has been calculated. Waveforms, derivatives, skewness, and spectra during the period of 

maximum OASPL are shown and discussed. Over these distances, derivative skewness values corresponding 

to relatively steep shocks exist during this period of maximum OASPL. Results indicate a strong presence of 

nonlinearity and therefore demonstrate the importance of including nonlinearity when modeling launch 

vehicle liftoff noise. 

 

Keywords: Nonlinear, Launch, Rocket 

1. INTRODUCTION 

Over the last ten years, an increase in launch cadence has dramatically increased the total number of 

orbital launches every year (1). These launches are impressive and can be heard for miles around with low-

frequency acoustic signatures detectable hundreds of kilometers away (2,3). Such launches carry anything 

from internet satellites, interplanetary exploration probes, telescopes, and weather monitors, greatly 

impacting life on Earth. 

Despite the positive outcomes of these launches, the acoustics surrounding the launch sites are not well 

understood. Many models today are still based on what was the state of the art in the 1970s and the primary 

document that describes such rocket noise models is NASA SP-8072 (4). Although these models were state-

of-the-art when created, an additional 50 years of research indicates a need to consider improved models (1). 

One research area for launch vehicle acoustics is the nonlinear acoustic propagation due to the high-

amplitude pressures created by the exhaust flow. This nonlinear behavior is observable in the form of acoustic 
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shocks (5,6). Because such behavior is not limited to launch vehicles, a wealth of research already exists for 

understanding nonlinear acoustic propagation. 

This paper demonstrates the nonlinearity observed in rocket launch data and is organized as follows. 

Section 2 contains a description of the experimental design used to observe nonlinear acoustic propagation 

from a United Launch Alliance (ULA) Atlas V rocket launch. Section 3 discusses three different methods for 

analyzing the shock content in the recordings. These methods are to analyze the waveforms directly, the high-

frequency spectral slope, and the skewness of the pressure derivative (“derivative skewness”). 

2. EXPERIMENT DESIGN 

The rocket used analyzed in this study is the ULA Atlas V during the Landsat-9 mission. This mission 

used a 401 configuration, denoting a first stage with a single RD-180 engine with no solid rocket boosters. 

At liftoff, the nominal thrust was approximately 3.9 MN (870,000 lbf). The first stage fires for several minutes 

before separating from the upper stage, which carries the payload into orbit. Though evidence of acoustic 

signatures from rocket upper stages has been detected in the past (7,8), the noise contribution is considered 

negligible. Therefore, it is only the noise generated by the first stage that is analyzed in this paper. 

For this analysis, acoustic data were collected at several sites surrounding the launch pad, ranging from 

500 meters to over 6 kilometers away from the launch pad. Data were collected using the Portable Unit for 

Measuring Acoustics (PUMA), consisting of a computer, data acquisition modules, battery, solar charger, 

and microphone configuration (9). An example of one such setup is shown in Figure 1. The microphone 

configuration used at each PUMA was a custom ground plate design, nicknamed at Brigham Young 

University (BYU) the Compact Outdoor Unit for Ground-based Acoustical Recordings (COUGAR). This 

configuration consists of an inverted microphone placed above a plastic circular ground plate under a thick 

dome windscreen (10,11). Several stations used a second-generation design known as the COUGARxt (11). 

Depending on location, the microphone used was either a GRAS 46BD or 46AO and data were sampled at 

either 51.2 or 102.4 kHz. Recordings began once the computers detected pressure signals greater than a pre-

determined threshold, and some data in this paper are shown with time referenced to that trigger event. 

 

 

Figure 1 – An example PUMA setup, complete with a solar charger and a COUGAR microphone 



 

 

configuration. The PUMA setups are designed to be weather-robust, and the COUGAR microphone 

configuration is designed to work in windy and rainy conditions. 

 

A map of the measurement locations is shown in Figure 2. Although there were many other BYU 

measurement locations around the launch complex, this paper focuses only on those shown in the figure. The 

four chosen stations are located at 500, 1600, 3000, and 6400 meters from the launch pad and are roughly in 

a straight line outwards from the launch pad. This enables nonlinear propagation analysis along a common 

radial. 

 

 

Figure 2 – Measurement locations considered in this paper. Each measurement location is denoted by its 

distance to the launch complex. 

3. RESULTS 

3.1 Waveforms 

As the launch progresses, nonlinear effects can be seen in the recordings during different phases of the 

launch. Figure 3 shows an example of the waveform at a few different points during the launch for the station 

located 500 m from the launch pad. Figure 3A is a view of the entire recording up to 80 seconds into the 

launch. The pressure amplitude gradually increases for about 20 seconds and then gradually decreases 

afterward. The period of the maximum measured pressure corresponds to the microphone being located near 

the peak directivity angle of the exhaust plume (1). The shown data could be coupled with trajectory 

information and used to map out a directivity function for the exhaust plume. Figure 3B shows the waveform 

a few seconds after the trigger. In this waveform segment, there are no visible shocks. Figure 3C shows the 



 

 

waveform during the period of maximum overall sound pressure level (OASPL). In this waveform segment, 

several shocks are clearly visible, and the amplitude of the signal is at least an order of magnitude greater 

than in the other waveform segments. Figure 3D shows a view of the waveform at about 60 seconds into the 

launch where the vehicle is now much further away, and the resulting waveform once again has no visible 

shocks. This analysis indicates that there is a finite period during the launch where strong shocks are recorded 

at the measurement station. 

  

  
Figure 3 – The waveform is shown at different times. (A) The waveform is shown over the first 80 seconds 

of launch. (B) About 5 seconds after the amplitude trigger. (C) During the period of maximum OASPL. 

(D) About 60 seconds into the launch. 

 

The shock content visible in the waveform also changes as a function of distance from the launch pad. 

Figure 4 shows the waveform samples during a short portion of the period of maximum OASPL for the four 

stations located along the radial. Note that the signals at each station are not anticipated to be coherent because 

each station is exposed to the peak directivity angle of the exhaust plume when the rocket is at a different 

height. As the distance to the pad increases, the shock strength decreases noticeably. At 500 m from the pad, 

the shocks are steep and peaked. At 1600 m, the shocks are still present, but the rise times are longer. At 

3000 m, the shocks are still present but have even longer rise times. At 6400 m, there is still evidence of 

shocks but they become harder to detect visually. 

A B 

C D 



 

 

   

Figure 4 – Waveform samples during the time of max OASPL. Note that the time axes are arbitrary because 

each of the waveforms is trimmed to its respective 3-dB down points around the maximum and then a 0.1-

second interval was chosen within that portion of the recording. 

3.2 Spectra 

The spectra also indicate the presence of shocks. Figure 5 shows the spectra over the 3 dB-down points 

in the recording for the four microphones along the radial. These spectra have all been distance-corrected 

according to: 

Distance to Rocket =
Distance from Pad

sin(Peak Directivity Angle)
 

and, 

Scaled Spectrum = Measured Spectrum + 20 log10 [
Distance to Rocket

Scaled Distance
] 

The assumed peak directivity angle is 65 degrees, and the scaled distance is 197 m, corresponding to 100 

effective (or “equivalent”) nozzle diameters from the rocket (12). Applying this distance correction enables 

a more direct comparison of the spectra because they should all have the same amplitudes. For the 

measurements closest to the launch pad, the high-frequency spectral slope follows a -10 dB/decade trend, 

exactly as expected for shock-containing noise plotted on a one-third octave band basis (1). However, as the 

recordings are made farther away from the launch pad, the -10 dB/decade slope ultimately gives way to a 

much steeper slope. This steeper attenuation at high frequencies is likely due to the atmospheric absorption 

overcoming the nonlinear shock formation. A level of 80 dB at several kilohertz at 6400 m clearly 

demonstrates nonlinear propagation because the nonlinear propagation moves energy up into higher 

frequencies that would have otherwise been absorbed well before reaching the furthest stations. 



 

 

 

Figure 5 – Spectral comparisons along the radial. Note that all the spectra have been scaled to a common 

distance according to an estimated peak directivity angle of the rocket, but the legend shows the distances 

from the pad so as to be consistent with the other plots in this paper. 

3.3 Derivative Skewness 

The final analysis that indicates the presence of shocks is the skewness of the pressure derivative, known 

as the “derivative skewness”. This measurement has been shown to correlate well with acoustic shock content 

as well as the human perception of “crackle” (13). To aid in understanding this metric, it is useful to consider 

an example. Figure 6 shows the acoustic pressure and its derivative during the period of maximum OASPL 

at one of the measurement stations. Notice that the pressure derivative contains notably more positive values 

than negative values, implying a non-gaussian distribution. To further visualize the distributions, Figure 7 

shows histograms for the pressure and its derivative. Overlaid on the distributions are gaussian distributions 

with the same means and standard deviations. Notice that the distribution for the derivative shows substantial 

skewness relative to a normal distribution, and this is what is meant by the derivative skewness. The total 

pressure skewness for this waveform segment is 0.1 and the derivative skewness segment is 29.8. 

 

  

Figure 6 – (Left) The pressure waveform during the period of maximum OASPL at the measurement station 

located 500 meters from the launch pad. (Right) The derivative of the pressure waveform during the same 

period at the same location. The derivatives in this paper have been normalized by the maximum derivative 

value. Note that waveforms are trimmed, and the time axis indicates the duration of the 3 dB-down portions 

of the overall recording. 



 

 

 

  

Figure 7 – (Left) The pressure distribution during the period shown in Figure 6. (Right) The pressure 

derivative distribution during the period shown in Figure 6. Note that the derivative skewness remains 

constant regardless of whether the data are normalized or not. 

 

Instead of only calculating the derivative skewness over the period of maximum OASPL, it is also useful 

to calculate its value during the entire launch, in one-second intervals. Figure 8 shows the derivative skewness 

as a function of time for the station located 500 m from the pad. Notice that the derivative skewness increases 

and then decreases similarly to the pressure waveform shown in Figure 3A, indicating a correlation between 

large pressure amplitudes and high derivative skewness. 

 

Figure 8 – Derivative skewness versus time for the station located 500 m from the pad. 

4. CONCLUSION 

Acoustical measurements were made of an Atlas V launch vehicle in the 401 configuration between 500 

and 6400 meters from the launch pad. These measurements indicate the presence of acoustic shocks produced 

by the launch vehicle. Firstly, the shocks are clearly visible in the waveforms during the period of maximum 

OASPL. Secondly, the spectra during the 3-dB down points of the recordings have a -10 dB/decade roll-off 

at high frequencies, indicating the presence of shocks. Lastly, the pressure derivative skewness – a quantity 

known to correlate with the presence of shocks – is positive during the highest-amplitude portions of the 

launch noise. 

There are still many questions regarding launch vehicle acoustics that need further study. For example, 



 

 

datasets like these can be coupled with trajectory data to analyze the sound power and radiation efficiency of 

a variety of launch vehicles. Comparative analyses between rocket exhaust plumes and other supersonic jets 

should be made to continue to improve physics-based models. There are also questions related to the 

environmental impacts of launch vehicle noise, especially when protected wildlife is found around the launch 

pads. As resources are devoted to the study of launch vehicle noise, a general understanding of the 

mechanisms behind the noise can be improved and then used to update models and provide more accurate 

descriptions of the noise. Such results should be relevant to military operations, civilian spaceflight, 

biological studies, and others. 
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ABSTRACT 

Perfect ultrasound transmission from one medium to another is critical in many applications, including 

medical treatment, imaging, and diagnostics. However, an obliquely incident ultrasonic wave through the 

solid-solid interface inevitably generates multiple wave modes (longitudinal waves and transverse waves). 

Accordingly, the well-known impedance matching theory considering only single wave mode fails to achieve 

the perfect oblique-incidence ultrasound transmission even from one isotropic solid to another. Here, we 

present the generalized matching theory that is newly established to enable the perfect transmission of 

ultrasonic waves across dissimilar solids at an arbitrary incidence angle and frequency. We also design a 

novel single-phase anisotropic solid-void metamaterial layer that can fulfill all conditions stated by the theory. 

It is shown that the insertion of the proposed metamaterial layer between metal (aluminum) and plastic 

(polyether ether ketone) plates achieves nearly perfect wave transmission over 98% energy efficiency, 

without which transmission reduces to 20%-40%. Our findings are validated numerically and experimentally. 

 

Keywords: Ultrasound, Matching layers, Anisotropic metamaterials 

1. INTRODUCTION 

It is well-known that perfect transmission from one medium to another is possible if an impedance 

matching layer is inserted between two dissimilar media [1, 2]. However, the actual application is 

limited to single-mode wave fields only. Obliquely incident ultrasonic waves in solids (i.e. elastic 

waves) inevitably generate both longitudinal (L) and transverse (T) waves at an interface between two 

dissimilar solids (Fig. 1, left) [3]. Due to this intrinsic multi-modal property of elastic waves, the 

perfect transmission of obliquely incident ultrasonic waves across dissimilar solids has been 

impossible by inserting the conventional impedance matching layer. 

 

 
Fig. 1. An overview of perfect oblique-incidence ultrasound transmission across dissimilar media. 
Both longitudinal (L) and transverse (T) waves are reflected and transmitted at dissimilar solid-solid 

interfaces (left). However, a single-mode wave is fully and solely transmitted without any reflection 

by inserting the proposed metamaterial layer at the interface (right). Longitudinal-to-transverse 

perfect transmission is illustrated as an example.  
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Here, we present a novel theory enabling perfect oblique-incidence ultrasound transmission at 

solid-solid interfaces and design a new metamaterial layer realizing the theory (Fig. 1, right). This 

theory is valid for any form of wave transmission, either mode-preserving (longitudinal-to-

longitudinal and transverse-to-transverse) or mode-converting (longitudinal-to-transverse and 

transverse-to-longitudinal). Perfect ultrasound transmission across dissimilar media is critical in 

various applications such as biomedical ultrasound [4] and nondestructive testing [5]. The dramatic 

transmission amplification at solid-solid interfaces can be a promising strategy to develop a new kind 

of powerful medical or industrial ultrasound equipment. 

2. RESULTS 

2.1 Theory and principle 

We present a theory, established in Ref. [6], for perfect transmission of obliquely incident 

ultrasonic waves across two dissimilar isotropic solids. There are special conditions that an inserted 

metamaterial layer’s material properties (mass density and elasticity tensor) should satisfy to achieve 

the perfect transmission. The physical significance of these conditions can be interpreted as the most 

generalized phase and impedance matching conditions. The detailed equations and derivations are not 

included here due to length limitations. (See Ref. [6] for the theoretical details.) The principle of the 

perfect transmission represents an interference among four longitudinal -transverse coupled waves 

(quasi-longitudinal and quasi-transverse waves propagating forward and backward) inside the 

proposed metamaterial layer. 

 

2.2 Numerical and experimental results 

A novel single-phase anisotropic solid-void metamaterial was designed and fabricated to realize 

the metamaterial layer satisfying the generalized phase and impedance matching conditions. Without 

loss of generality, target frequencies for the longitudinal-to-longitudinal (L-to-L) and longitudinal-to-

transverse (L-to-T) perfect transmissions were determined as 79.5 kHz and 59.5 kHz. A target 

incidence angle for the perfect transmission was determined as 60°. As a case study, an aluminum-

based metamaterial layer was designed at the interface between aluminum and polyether ether ketone 

(PEEK), where the longitudinal and transverse transmittances were only 39.4% and 20.2%, 

respectively, due to their very high impedance mismatch. As a unit cell of the metamaterial, we 

considered the one shown in Fig. 2 which has two different oblique slit-shaped voids with geometries 

characterized by nine design parameters (a, N, l1, r1, θ1, l2, r2, θ2 and w). The unit cell layouts for the 

L-to-L and L-to-T perfect transmissions were optimally designed based on the Method of Moving 

Asymptotes algorithm. 

 

 
Fig. 2. Realization of an anisotropic solid-void metamaterial layer. Geometric dimensions of the 

designed metamaterial layers for the longitudinal-to-longitudinal (L-to-L) and longitudinal-to-

transverse (L-to-T) perfect transmissions are presented. 

 

Several numerical simulations and experiments performed with the designed metamaterial layers 

confirmed the validity of the established theory and our metamaterial design. Numerical simulations 

in Fig. 3 reveal that the transmittance from an incident longitudinal wave to a transmitted longitudinal 

(transverse) wave can be enhanced from 39.4% (20.2%) without the metamaterial layer to 98.6% 



 

 

(99.6%) with the metamaterial layer at the interface between 5 mm thick aluminum and PEEK plates 

under the plane-stress condition. The experimental results also supported nearly perfect transmission; 

the measured displacement amplitudes of the transmitted longitudinal (transverse) wave were 

amplified by 2.59 (4.55) times when the metamaterial layer was inserted. (See Ref. [6 ] for the 

numerical and experimental details.) 

 

 
Fig. 3. Verification of mode-preserving and mode-converting perfect oblique-incidence 
ultrasound transmission. Scattered energy densities without and with the proposed metamaterial 

layers were numerically simulated. A longitudinal wave entered from aluminum to PEEK with an 

incidence angle of 60°. Longitudinal-to-longitudinal (L-to-L) and longitudinal-to-transverse (L-to-T) 

perfect transmissions were realized via the designed metamaterial layers at frequencies of 79.5 kHz 

and 59.5 kHz, respectively. 

3. CONCLUSION 

This paper presents a theory that enables both mode-preserving and mode-converting perfect 

transmissions of ultrasonic waves across dissimilar isotropic solids at an arbitrary incidence angle and 

frequency. Furthermore, the applicability of the theory is practically demonstrated by designing a 

single-phase anisotropic solid-void metamaterial, the use of which enabled the perfect oblique-

incidence ultrasound transmission. The findings from this paper are expected to open new avenues for 

manipulating ultrasonic waves in solids. 
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ABSTRACT 
Because sufficient ultrasound energy should be transmitted to a target system to be inspected for satisfactory 
inspection, the existence of a barrier in front of the target system is problematic. Especially when the 
impedance of the barrier is far different from that of the target system, sufficient energy transmission through 
the barrier is a big challenge. As this barrier issue occurs in various ultrasonic applications including non-
destructive evaluation, underwater detection, and noninvasive surgery, highly efficient wave energy 
transmission through a barrier to a target system must be achieved to advance ultrasonic methods. Here, we 
introduce a complementary meta-layer (CML) that virtually cancels out from a solid barrier to a fluid barrier 
so that extraordinary ultrasound transmission through these barriers becomes possible [1]. The concept of 
complementary media is based on nullification of the physical space of the interfering medium, but the CML 
requires realization of negative effective material properties. Our approach is to realize nearly independently 
the desired effective negative density and stiffness by spatially separating dipolar and monopolar elastic 
resonators in a single meta-atom. Numerical simulations show that the designed CML by our approach 
realized extraordinary wave transmission increased by 593%, 1426%, and 3280% respectively for the 
polymer, water, and air barriers compared with the nominal barrier-target system configuration. As the 
designed CML requires only a single-cell layer (i.e., mono-layer), unlike conventional complementary 
metamaterials with bulky forms, the designed system can be more application-friendly. 
 
Keywords: Elastic metamaterial, Complementary metamaterial, Ultrasound barrier, Transmission 
enhancement 

1. INTRODUCTION 
An idea of complementary media (CM), canceling out a physical space of an aberrating medium 

without destruction, has been proposed a few decades ago [2]. It is known that the transformation 
mapping by the CM exactly rewinds the phase distortion by the original medium by employing the 
double negativity (− &− or − & −B), and thus pairs of the space cancel out each other. Soon 
after the first report, further attempts had been made in an electromagnetic [3] and an acoustic regime 
[3] with elaborately designed metamaterials. However, a solid CM for an elastic regime has not been 
introduced yet. Here we introduce an elastic complementary metamaterial.  

A schematic sketch of the envisioned ultrasound penetration using the elastic complementary 
metamaterial layer (CML) is illustrated in Fig. 1 [1]. We aim to nullify the barriers of highly 
mismatched impedance ranging from solids (waveguides and detecting devices, etc.), to liquids 
(coupling materials such as gel/oil, human skins, and organs), and even gases (fissures in metal 
structures, etc.). 
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Figure 1, Schematic drawing of wave penetration scheme envisioned by elastic complementary 

meta-layer [1].  

2. Complementary metamaterial 
The key issue of the complementary metamaterial is precisely achieving double negative properties 

(− & −E) to simultaneously realize impedance matching (ZCML= ZB) and negative phase matching 
(qCMLdCML=-kBdB) [1]. Fig. 2(a) illustrates a novel meta-atom structure [1]. A single-phase stainless 
steel with air inclusion consists of our meta-atom whose dimension is all within the subwavelength 
regime in which a complicated motion of the atom can be treated as homogenized materials with 
representative single density and stiffness. Specifically, the width (d=13 mm=0.13λ) and the height 
(h=18 mm=0.18λ) are far shorter than the wavelength (λ=102.2mm) at the frequency used (55 kHz).  

The novelty of the proposition is that our meta-atom virtually independently controls the mass and 
stiffness by spatially separating the resonance motions. As shown in Fig. 2(a), the atom consists of 
Meff-substructure and Keff-substructure [1]. Fig. 2(b) depicts the Eigen motion of the meta-atom 
numerically analyzed at the working frequency [1]. Meff-substructure imitates dipolar resonance 
motion along the lateral direction. Such a motion dynamically controls the mass (density) of the atom 
in an effective medium perspective by manipulating the force-acceleration relation. On the other hand, 
Keff-substructure is comprised of two resonators that vertically move in the opposite direction. These 
resonances couple to cause the volumetric change mimicking the monopolar resonance that controls 
the effective stiffness. We change the geometrical parameters w, l to adjust the effective properties 
(See Fig. 2(a)). 

 

 
Figure 2, (a) Proposed meta-atom consisting of spatially separated substructures. (b) dynamic 

resonance motion of the meta-atom [1]. 

3. Effective material properties of meta-atom 
Fig. 3 shows the effective material properties (Meff, Keff) of the meta-atom. The Meff contour clearly 

shows that Mef is dominantly affected by the w only, not by l. On the other hand, Keff is exclusively 
affected by the l. These apparent decoupling properties are a key to independent control of Meff and 
Keff , which facilitates the design of the CML meta-atom. See [1] for further details.  

To evaluate the transmission spectra, we use the effective impedance Z and introduce 

SUS eff eff/rZ Z Z M K= = . Fig. 3(c) shows the Zr contour. The contour consists of nine sections 



 

 

with respect to the positive and negative signs of Meff and Keff. Although the impedance has either real 
(Re) or imaginary (Im) corresponding to the combination of the different signs of Meff and Keff, we 
exclusively focus on the real Zr rather than the meaningless imaginary values for an evanescent 
propagation. In a similar way, Fig. 3(d) illustrates the the Bloch phase contour on the w-l plane. The 
center region has the negative phase shift owing to the doubly negative Meff and Keff. We put the zero 
value to the complex wavenumber domain for brevity. 

 

 
Figure 3, Effective material properties: (a) Meff and (b) Keff. (c) Relative impedance Zr and (c) 

Bloch phase (qd) is calculated using Meff and Keff [1]. 

4. Wave penetration using CML 
We numerically demonstrate the wave penetration using the CML shown in Fig. 4. Fig. 4(a) depicts 

the configuration of the simulation. We used commercial FEM software COMSOL Multiphysics 5.3 
considering the stable analysis of multi-physical interaction between solid, liquid, and gas. The 
thicknesses of the barriers are set to be the anti-Fabry-Perot resonance kBdB=π/2 (dB=5/4λB) to 
consider the most severe situation. We use the results in Fig. 3(c) to (d) to find the desired meta-atom 
geometries (w and l) to realize the desired CM functionality. The interesting points (w, l) between the 
impedance matching and negative phase matching conditions can then be found. 

We conducted simulations with a barrier made of PEEK, water, and air. Fig. 4(b) illustrates the 
numerical wave field for the PEEK barrier. A wave generated on the left side hardly propagates to the 
left side due to the barrier. Specifically, the impedance of the PEEK is 1/13 of that of the base medium 
(SUS 304), allowing only a 15.24% transmission coefficient. On the bottom simulation, on the other 
hand, we implement the CML adjacent to the barrier. The CML fulfills nullifying the phase deviation 
of the PEEK barrier. The transmission recovers to 89.58% as if virtually no barrier exists. 

Fig. 4(c) and 4(d) respectively present the results when the barrier is water and air, respectively. 
The impedance of water is 0.033 times that of the base medium (SUS 304); the transmission is merely 



 

 

6.00%. When CML is installed, the transmission is increased up to 85.55% (improvement by 1426%). 
The air barrier permits 0.00016% of transmission while we achieve 0.053% transmission using the 
CML installed. Although the air barrier is very tricky even for our CML, the transmission is enhanced 
by 3280%. 
 

 
Figure 4, With (a) a concept drawing of the simulation setup, three barrier cancellation 

simulations for (a) PEEK barrier, (b) water barrier, and (c) air barrier are presented [1]. 

5. Conclusion 
We presented the design of a complementary elastic metamaterial. Our meta meta-atom is 

advantageous in that its effective material parameters, that is mass (Meff) and stiffness (Keff), can be 
quite arbitrarily and independently tuned. The designed CML uses nearly independently controlled 
dipolar and monopolar resonances so that the effective mass and stiffness can be tuned nearly 
independently. The designed elastic CML by our design approach was shown to enhance the 
transmission through solid, fluid, and gas barriers by 593%, 1426%, and 3280%, respectively. We 
expect that our CML can be useful in practical ultrasound applications including medical treatment 
and diagnosis and underwater detection. 
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ABSTRACT 

When applied in non-destructive evaluating applications, efficient manipulation of propagating modes and 

directions of elastic waves is a critical issue. The recent introduction of artificially engineered structural 

materials, so-called metamaterials, facilitates extraordinary wave propagation manipulation in various 

research fields. However, the simultaneous manipulation of the mode types and directions of elastic waves 

in scattered wave fields is still challenging due to complicated motions coupled among multiple modes in 

elastic media. In this circumstance, we propose a novel metagrating using strip-type members governed by 

the diffraction grating theory [1]. The proposed metagratings realize the precise manipulation of mode-

converting and wave-steering phenomena simultaneously. A normally incident longitudinal (or shear) wave 

mode is near-perfectly converted into a reflected shear (or longitudinal) wave mode with a target reflection 

angle from the boundary of an elastic plate. The metagrating unit cell consisting of multiple strip-type 

members was designed by the optimization of structural parameters such as the width, length, and distance 

between the strips to suppress the undesired scattered diffraction modes effectively. The performance of the 

designed metagratings was verified through numerical simulations and experiments. The proposed 

metagratings are expected to be applied in ultrasonic non-destructive evaluating applications. 

 

Keywords: Elastic metagratings, Mode conversion, Wave steering  

1. INTRODUCTION 

To detect small defects inside the structure composed of a solid elastic medium, ultrasonic elastic 

waves are widely applied in the field, for example, in structural health monitoring [2] and ultrasonic 

non-destructive testing [3]. It is common sense that a precise manipulation of the mode and direction 

in the scattered wave field is essential for achieving high performance in such applications. However, 

simultaneous control of the mode and direction of scattered elastic waves is still challenging because 

of the intrinsic nature of elastic waves - coupling motions by various modes. 

In this circumstance, we recently proposed novel elastic metagratings consisting of rectangular 

strip-type members for realizing anomalous mode-converting reflections [1]. With delicately designed 

metagratings, periodically repeated structures governed by the diffraction grating theory [4] , we 

realized the near-perfect mode-converting and wave-steering precisely. We converted the normally 

incident longitudinal (or shear) wave mode into a reflected shear (or longitudinal) wave mode with 

the desired target angle from the boundary of an elastic plate. For the design of the unit cell, we 

numerically analyzed the scattered wave field by applying FFT in the spatial domain and searched the 

geometric values of the strip-type members with a gradient-based optimization algorithm. The 

proposed strip-type metagratings are expected to be applied for non-destructive structural health 

monitoring in the near future. 

2. DESCRIPTIONS OF SCATTERED ELASTIC WAVES  

Fig. 1 presents a schematic illustration of the scattered phenomenon induced by the strip-type 
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elastic metagratings. When longitudinal or shear wave impinges on the periodically structured 

boundary, several longitudinal and shear waves are scattered from the boundary. To analyze the 

scattered field of elastic waves, the diffraction grating theory for the longitudinal and shear waves can 

be applied as follows: 
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inc  denotes an incident angle and 

,

n

p ref and ,

m

s ref  denote reflective angles of n, m-th order 

longitudinal and shear waves, respectively. In addition, a  denotes the periodicity of the unit cells 

installed along the boundary. The symbol k  denotes the wave number of the longitudinal or shear 

wave. 

 

 
Figure 1: A schematic illustration of the strip-type elastic metagratings for near-perfect mode conversion 

and steering [1]. 

3. DESIGN OF ELASTIC METAGRATINGS USING STRIP-TYPE MEMBERS 

The motions of the elastic waves in an elastic media are numerically analyzed using the finite 

element-based software COMSOL Multiphysics®. For the FEM simulation, the solid mechanics 

module is used for the modeling and the plane stress condition is applied to represent a thin elastic 

plate. The Floquet periodic boundary conditions are applied for the periodicity of the unit cell in the 

metagratings. Throughout the research [1], the working frequency is set to 120 kHz. At this frequency, 

the wavelengths of the longitudinal and shear waves in the one mm-thick aluminum plate are 

calculated to be 0.045 m and 0.026 m, respectively. 

For analyzing the diffraction phenomenon, the amplitudes of the entire diffraction modes in the 

scattered wave fields should be evaluated quantitatively. We applied the fast Fourier transform (FFT) 

in the displacement fields obtained from the finite element analyses. 

Along with the numerical analysis, optimization for the design problem should be accomplished 

for the actual realization of the near-perfect mode conversion and steering. An optimization algorithm 

determines the appropriate geometric dimensions of the strip-type members in the unit cell for the 

selective control of the scattered diffraction modes. As design variables, relative positions, lengths, 

and widths of the members were chosen. The method of moving asymptotes was applied in this work 

as a gradient-based optimization algorithm. More details can be found in [1,5]. 

As examples of near-perfect mode conversion and steering, we showed an example when the 

incident and reflected angle is o0   and o45  , respectively. For the target reflection angle, we 

determined the periodicity of the unit cell, which is calculated from Eq. (1). The actual configuration 

of the strip-type metagratings and the near-perfect mode conversion and steering induced by the 

structures are shown in Fig. 2. 



 

 

 
Figure 2: The near-perfect mode conversion and steering with the target reflection angle of  1 o45 s

   

using the proposed strip-type metagrating [1]. 

4. APPLICATION OF NEAR-PERFECT MODE CONVERSION AND STEERING 

The strip-type elastic metagratings are directly applicable to the field of non-destructive wave-

based evaluation. Fig. 3 shows the reflection-type mode converter. The piezoelectric transducer is 

attached to the one side of the reflection-type mode converter. In contrast, the periodic structures 

consisting of strip-type metagratings are attached to the other side of the mode-converter. Using the 

mode converter, the shear wave propagating through the plate is possible with high efficiency.  In Fig. 

3, the configuration of the reflection-type mode converter and schematic illustration of the 

phenomenon is shown in the left figure, and simulated results are presented in the right figure.  

 
Figure 3: Application of the proposed metagratings: reflection-type mode converter for nondestructive 

testing [1]. 

5. Conclusions 

We proposed the simultaneous realization of the near-perfect mode conversion and wave steering 

simultaneously using elaborately designed metagratings. The metagratings were realized in 

rectangular strip-type metagratings, which are simple and easy to manipulate the geometric parameters. 

The specific geometries of the metagratings were determined by solving an optimization problem to 

suppress undesired high-order diffraction modes. We showed that the designed metagratings could 

realize the desired simultaneous near-perfect mode conversion and wave steering. The designed 

metagratings in non-destructing testing demonstrated the engineering practicality of the designed 

novel metagratings.  
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ABSTRACT 

The periodically laminated piezoelectric composite structures composed of alternately arranged piezoelectric 

layers and elastic layers have band gaps resulting from the Bragg scattering mechanism within which the 

elastic waves cannot propagate. The locally resonant band gaps are usually deemed to occurr only in elastic 

metamaterials containing resonators. However, this paper reveals that locally resonant band gaps can also 

appear in periodically laminated piezoelectric composite structures without any resonators but with external 

electrical boundaries. Based on the transfer matrix method and Floquet-Bloch theorem, the active tuning of 

the Bragg band gaps as well as the transition between the Bragg band gaps and the locally resonant band gaps 

are realized by the applied electrical capacitance or voltage on the piezoelectric layer. 

 

Keywords: Periodically laminated piezoelectric composite structures, Bragg band gaps, Locally resonant 

band gaps, Electrical boundaries 

1. INTRODUCTION 

The Bragg band gap is common in general periodic structures due to the Bragg scattering 

mechanism (1). The Bragg scattering condition requires the band gap wavelength to be of the same 

order of magnitude as the lattice constant. To generate the low frequency Bragg band gap, periodic 

structures with large lattice constants are required, which limits the application of the Bragg band gap 

within low frequencies. The locally resonant band gap is resulted from the interaction between the 

resonance of the scatters and the elastic wave in the matrix. It is commonly seen in atomic chains (2–

6), rods (7–10), beams (8,11–17), plates (8,18,19), and two- and three-dimensional periodic structures 

containing resonators (20–25). These structures with locally resonant band gaps have the following 

two characteristics. On the one hand, the broadband and low-frequency locally resonant band gaps can 

be realized by adjusting the connection stiffness and mass of the resonator without increasing th e 

structure size. On the other hand, the periodic structure with resonators also has the Bragg band gap, 

and the mutual transformation between the Bragg band gap and the local resonance band gap as well as 

the fusion of the adjacent locally resonant band gap can be realized by adjusting the connection 

stiffness and mass of the resonator. 

The periodically laminated piezoelectric composite structure generally does not have a local 

resonant band gap due to the lack of the necessary resonator. However, when the periodically 

laminated piezoelectric composite structure is attached with electrical boundary conditions, the 

locally resonant band gap will appear. Kutsenko et al. (26) realized the mutual transformation 

between the Bragg band gap and the locally resonant band gap by connecting negative capacitor onto 

the piezoelectric layer. Inspired by this idea, this paper studies the effects of the negative capacitance 

and the voltage of the piezoelectric layer in the periodically laminated piezoelectric composite 

structure on the formation of Bragg and locally resonant band gaps. It is found that the voltage and the 

negative capacitance have the same effect on the in-plane P-wave band gap, which can not only realize 

the mutual transformation of the Bragg band gap and the locally resonant band gap but also promote 
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the merging of adjacent band gaps. 

2. BASIC MODEL 

Consider the propagation of in-plane waves in periodically laminated piezoelectric composite structures 

whose unit cell as shown in Figure 1(a), contains m  piezoelectric, electrode and elastic layers arranged 

repeatedly with total thickness 
1

m

jj
h h


  and N  interfaces. The electrical boundaries including 

electric-open, applied capacitance, electric-short and applied feedback control, are applied to the 

piezoelectric layer through the external circuit. The relationship between electrical quantities, including the 

charge Q , capacitance C , voltage V , and gain coefficient 
gK  under different boundary conditions is 

also shown in Figure 1. To facilitate the description of the global physical quantities of the unit cell and the 

local physical quantities of each layer j , the global coordinate system OXYZ  and the local coordinate 

system 
j j jox y z  are established as shown in Figure 1(a) and (b). For the typical layer j  shown in Figure 

1(b), the displacements and stresses at the position z  along the three coordinate axes are represented by 

( )ju z , ( )jv z  as well as ( )jw z  and ( )zxj z , ( )zyj z  and ( )z z , respectively. Since only the propagation 

of in-plane waves is considered here, so we only concern with the displacements and stresses associated 

with in-plane waves. The displacement column vector Tˆ ˆ ˆ[ , ]u u wv  and stress column vector 
Tˆ ˆ ˆ[ , ]zx z  v  are combined to form the state vector T T Tˆ ˆ ˆ[( ) ,( ) ]u v v v . q  and   denote the Floquet 

wavenumber and the circular frequency, respectively. 

 
(a)  The unit cell and its description in the global coordinate system of periodically laminated 

piezoelectric composite structures. 

 
(b)  The typical piezoelectric layer j  and its description in the local coordinate system of 

periodically laminated piezoelectric composite structures. 

Figure 1 – The basic model of the periodically laminated piezoelectric composite structures. 

3. STATE SPACE FORMALISM 

3.1 Derivation of the State Equation of a Layer 

For the typical piezoelectric layer j  shown in Figure 1(b), the governing equation of in-plane 

wave propagation is determined by the geometry equations, the constitutive equations, and the 
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differential equations of motion. For the convenience of derivation, the subscript  j  of the physical 

quantities indicating the layer is omitted. 
Tε L u ,  E ; (1) 

T σ cε e E ,  D eε βE ; (2) 

Lσ u , 0 D ; (3) 

where T[ , ]u wu , T[ , , ]x z zx  ε , and T[ , , ]x z zx  σ  are the displacement, strain, and stress vectors, 

respectively.  , T[ , ]x zE EE , and T[ , ]x zD DD  are the electric potential scalar, the electric field, and 

the electric displacement vectors, respectively.   is the material density. c , e  and β  are the elastic 

stiffness matrix, the piezoelectric coefficient matrix, and the dielectric coefficient matrix written as 
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L  and   are the differential operator matrix and vector 
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0

x z

z x

  
  

  
  

   

L ,
x

z

 
 

   
 

  

. (5) 

Suppose that all the mechanical quantities, including the displacements, strains, stresses, and 

electric quantities, including the electric potential, electric fields, and electric displacements, have 

the form of a harmonic solution 
i( )ˆ( , , ) ( ; ; )e kx tx z t k z     , ( , , , , , )  u ε σ E D , (6) 

where i 1   is the imaginary unit. k  denotes the wavenumber along the x  axis. The superscript 

“” means the corresponding to physical quantity in the k   region. 

It is worth noting that only the z  direction relates to the piezoelectric effect with accumulation of 

charge and potential difference. From the second formula of the equation (1), one can obtain 

ˆ 0xE  , ˆ ˆd dzE z  . (7) 

Besides, only considering the change rate of electric displacement in the z  direction, then the second 

formula of the equation (3) becomes ˆd d 0zD z  , which means that ˆ
zD  is a constant and can be 

decided by the charge per unit area 

ˆˆ
zD Q S . (8) 

Substituting the second formula of equation (3) into the second formula of equation (2) and using equations 

(6), (7), and (8), one can obtain  

3

33 33 33
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z z S



  
  

v
Fv F , (9) 

where 
1ikF F ,  3 1 3 3i i ie eF ,  ( 1,3i  ). Then, through making use of the first formula of equations (1), 

(2), and (3) and eliminating the electric potential ̂  through equation (9) and the stress ˆ
x , one can 

obtain the inhomogeneous state equation of the piezoelectric layer written as 
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Furthermore, taking advantage of the relationship between voltage and potential 
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and the electric boundary conditions shown in Figure 1, we can obtain 
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According to the four different electric boundaries, the form of the 1 2  matrices R  and U  are 

listed in Table 1. 

Table 1 – The expressions of matrices R  and U  

Electric boundaries Electrical relationships R  U  

Electric-open ˆ 0Q   0  0  

Applied capacitance 
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where [0, ]gKK . 

For the electrode layer and the elastic layer, the state equation can be obtained by setting thee 

piezoelectric constants as zero. 

3.2 Traveling Wave Solution of the State Equation for a Layer 

The solution of the inhomogeneous state equation can be written as 

   2 4

4 4 4 4 4 4
2 4

ˆ ( )
ˆ e e

ˆ ( )

u uz z

 



  


   
       

   

Λ Λ
v Φ

v Φ P w P w
v Φ

, (15) 

where Φ  and Λ  are eigenvector and eigenvalue matrices of coefficient matrix A , respectively. The 

eigenvector matrix can be divided into 
uΦ  and Φ  according to their association with displacement and 

stress, respectively. The eigenvalue matrix Λ  is a diagonal matrix. The matrix -1 -1

4(e )h Λ
P Λ Φ BΦ I  

with the 4 th order unit matrix 
4I . w  means the pending column vector. 

3.3 Transfer Matrix Method 

Consider arbitrary layer j  and take advantage of the solution of the state equation, the state vector on 

its top surface and bottom surface can be written as 

 ˆ ( ) e j jh

j j j j jh  
Λ

v Φ P w ,  4
ˆ (0)j j j j v Φ I P w . (16) 

One can get the transfer relation of the state vectors between the top surface and the bottom surface by 

combining the two formulas of equation (16) 

ˆ ˆ( ) (0)j j j jh v T v , (17) 

where 
jT  is referred to as the transfer matrix of layer j  



 

 

  
-1

-1

4e j jh

j j j j j  
Λ

T Φ P I P Φ . (18) 

Considering further the relation of the state vectors at interface K  between layer j  and 1j  , we 

have 

1
ˆ ˆ(0) ( )K

j j jh v T v , (19) 

where 
4

K T I  is referred to as the transfer matrix of interface K . 

Using the above transfer relations repeatedly from top surface to bottom surface of the unit cell, the 

transfer relation of the state vectors between the top surface of layer 1  and bottom surface of layer m  

can be obtained as 

1 2 1 1 1
ˆ ˆ ˆ( ) (0) (0)m m m mh  v T T T T v Tv , (20) 

where T  is called the transfer matrix of the unit cell 

1 2 1m mT TT T T . (21) 

In addition, according to the Floquet-Bloch theorem, the state vectors between the top surface and 

bottom surface of the unit cell satisfy the periodic condition 

1
ˆ ˆ( ) e (0)qh

m mh  i
v v . (22) 

As mentioned before, q  stands for the Floquet wavenumber along thickness, h  is the total thickness of 

the unit cell. Combining equation (20) and equation (22), one can get  

1 1
ˆ ˆ(0) e (0)qh i

Tv v  or 
1

ˆ( e ) (0)qh i
T v 0 , (23) 

For 
1

ˆ (0)v  has nontrivial solution, then one has 

e Eigenvalues( )qh i
T  or det( e ) 0qh i

T . (24) 

The above equation is called the dispersion equation that involves the wavenumber q  and the frequency 

 . The dispersion curves reflecting the relation between wavenumber q  and frequency   are obtain by 

solving the dispersion equation numerically. 

4. NUMERICAL EXAMPLES 

Consider the in-plane waves propagating in a vertical direction (that is 0kh   ) in the periodically 

laminated piezoelectric composite structures composed of Glass-Brass-PZT-5H-Brass multilayers, where 

Glass (10mm), PZT-5H (10mm) and Brass (0.025mm) are the elastic layer, piezoelectric layer and 

electrode layer. The physical parameters are the same as those in Reference (27). 

Figure 2 gives the frequency-real wavenumber spectra in subfigures (a), (b) and the 

frequency-imaginary wavenumber spectra in subfigures (c), (d) under different capacitance and voltage. 

Electrical open circuit and electrical short circuit are plotted in each subplot as comparison benchmarks. 

The electrical boundary conditions only affect the P-wave and do not affect the S-wave when the elastic 

wave travels along thickness through the periodically laminated piezoelectric material described above (27). 

Both changes in negative capacitance and voltage can convert the Bragg band gap into the local resonance 

band gap, and vice versa. Specifically, during the change of negative capacitance C S  from 

2
0.75pF mm  to 

2
0.80pF mm , the lower boundaries of the first and second P-wave Bragg band gaps 

(around 150kHz and 280kHz) remain unchanged, while the upper boundaries gradually shift to higher 

frequencies and the stopbands become into locally resonant band gaps as the capacitance 
20.78pF mmC S   . With the further decrease of negative capacitance C S , the two local resonance 

band gaps separate and their anti-resonant frequencies shift to the lower and higher frequencies, 

respectively. The effect of voltage (applied feedback control 
gK ) on the band gap of the P-wave is similar 

to that of negative capacitance. The first band gap of the P-wave (around 200kHz) is the local resonance 

band gap. The change in voltage only changes the magnitude of the anti-resonance frequency but does not 

change the band gap width. In addition, when 110.5 10 V mgK   , the third P-wave band gap (around 

500kHz) is the locally resonant band gap with the two anti-resonance frequencies. In case of applied 

feedback control 
gK  increases from 111.4 10 V m  to 115.0 10 V m , the third P-wave band gap (around 

530kHz) is the locally resonant band gap with a constant lower bound frequency, and the fourth P-wave 

band gap (around 650kHz) is the Bragg band gap with a constant upper bound frequency. As the applied 

feedback control increases, the third and fourth P-wave band gaps merge into a locally resonant band gap at 



 

 

112.3 10 V mgK   . Thereafter, the third band gap is transformed into a Bragg band gap with a smaller 

upper bound frequency, while the fourth band gap is transformed into a locally resonant band gap with a 

smaller lower bound frequency. 

  

(a) (b) 

  

(c) (d) 

Figure 2 – Frequency-real wavenumber spectra (a), (b) and frequency-imaginary wavenumber 

spectra (c), (d) under different capacitance and voltage. 

5. CONCLUSIONS 

The influence of electrical boundary conditions (including negative capacitance and voltage) on 

the band gap of the vertical incident in-plane wave in periodically laminated piezoelectric composite 

structures is studied. Firstly, the basic model of the periodically laminated piezoelectric composite 

structure is given, and then the inhomogeneous state differential equation determining the in -plane 

state vector of a material layer is derived by using the elastic dynamics principle. Secondly, the 

dispersion equation describing the propagation characteristics of in-plane waves is derived by 

combining the transfer matrix method with the Floquet-Bloch theorem. Finally, the frequency 

wavenumber spectra under different negative capacitance and voltage conditions are obtained by 

numerical examples. It is found that the negative capacitance and voltage alteration can not only 

change the band gap width of the in-plane wave (mainly for the P wave), but also can results in the 

mutual transformation between the Bragg band gap and the local resonant band gap. The width 

change may due to the alteration of Bragg or locally resonant band gap or may due to that the 

adjacent band gaps fuse into wider locally resonant band gaps. 

ACKNOWLEDGEMENTS 

This work was funded by the National Key Research and Development Program of China (No.: 

2019YFC1511005). 

0 100 200 300 400 500 600 700 800

-1

0

1

 Electric-open (C/S=0)  C/S=-0.75pF/mm2  C/S=-0.76pF/mm2  C/S=-0.77pF/mm2

 Electric-open (C/S=¥)  C/S=-0.78pF/mm2  C/S=-0.79pF/mm2  C/S=-0.80pF/mm2

q
R
 h

/

Frequency (kHz)

0 100 200 300 400 500 600 700 800

-1

0

1

 Electric-open  Kg=0.51011V/m2  Kg=1.41011V/m2  Kg=2.31011V/m2

 Electric-short (Kg=0)  Kg=3.21011V/m2  Kg=4.11011V/m2  Kg=5.01011V/m2

q
R
 h

/

Frequency (kHz)

0 100 200 300 400 500 600 700 800

-3

-2

-1

0

1

2

3

 Electric-open (C/S=0)  C/S=-0.75pF/mm2  C/S=-0.76pF/mm2  C/S=-0.77pF/mm2

 Electric-open (C/S=¥)  C/S=-0.78pF/mm2  C/S=-0.79pF/mm2  C/S=-0.80pF/mm2

q
I 
h

/

Frequency (kHz)

0 100 200 300 400 500 600 700 800

-3

-2

-1

0

1

2

3

 Electric-open  Kg=0.51011V/m2  Kg=1.41011V/m2  Kg=2.31011V/m2

 Electric-short (Kg=0)  Kg=3.21011V/m2  Kg=4.11011V/m2  Kg=5.01011V/m2

q
I 
h

/

Frequency (kHz)



 

 

REFERENCES 

1. Pennec Y, Vasseur JO, Djafari-Rouhani B, Dobrzyński L, Deymier PA. Two-dimensional phononic 

crystals: Examples and applications. Surf Sci Rep. 2010 Aug 31;65(8):229–91.  

2. Al Ba’ba’a H, Nouh M, Singh T. Formation of local resonance band gaps in finite acoustic 

metamaterials: A closed-form transfer function model. J Sound Vib. 2017;410:429–46. 

3. Stein A, Nouh M, Singh T. Widening, transition and coalescence of local resonance band gaps in 

multi-resonator acoustic metamaterials: From unit cells to finite chains. J Sound Vib. 2022;523:116716.  

4. Hu G, Tang L, Xu J, Lan C, Das R. Metamaterial with local resonators coupled by negative stiffness 

springs for enhanced vibration suppression. J Appl Mech Trans ASME. 2019;86(8):081009. 

5. Gao Y, Wang L. Ultrawide coupled bandgap in hybrid periodic system with multiple resonators. J Appl 

Phys. 2020;127(20):204901. 

6. Roca D, Hussein MI. Broadband and intense sound transmission loss by a coupled-resonance acoustic 

metamaterial. Phys Rev Appl. 2021;16(5):054018. 

7. Xiao Y, Wen J, Wen X. Longitudinal wave band gaps in metamaterial-based elastic rods containing 

multi-degree-of-freedom resonators. New J Phys. 2012;14(3):033042. 

8. Sugino C, Xia Y, Leadenham S, Ruzzene M, Erturk A. A general theory for bandgap estimation in 

locally resonant metastructures. J Sound Vib. 2017;406:104–23. 

9. Lian Z, Hu H, Dai L, Liang Y, Luo B, Chen X. Coupling between two kinds of band gaps of a shunted 

tube piezoelectric phononic crystal. J Intell Mater Syst Struct. 2017;28(16):2153–66. 

10. Cenedese M, Belloni E, Braghin F. Interaction of Bragg scattering bandgaps and local resonators in 

mono-coupled periodic structures. J Appl Phys. 2021;129(12):124501. 

11. Yu D, Liu Y, Wang G, Zhao H, Qiu J. Flexural vibration band gaps in Timoshenko beams with locally 

resonant structures. J Appl Phys. 2006;100(12):124901. 

12. Liu L, Hussein MI. Wave motion in periodic flexural beams and characterization of the transition 

between bragg scattering and local resonance. J Appl Mech Trans ASME. 2012;79(1):011003. 

13. Xiao Y, Wen J, Yu D, Wen X. Flexural wave propagation in beams with periodically attached vibration 

absorbers: Band-gap behavior and band formation mechanisms. J Sound Vib. 2013;332(4):867–93. 

14. Zhu R, Hu GK, Reynolds M, Huang GL. An elastic metamaterial beam for broadband vibration 

suppression. Proc SPIE Smart Structures and Materials + Nondestructive Evaluation and Health 

Monitoring; 10-14 March 2013; San Diego, California, United States 2013. p. 86952J. 

15. Sharma B, Sun CT. Local resonance and Bragg bandgaps in sandwich beams containing periodically 

inserted resonators. J Sound Vib. 2016;364(3):133–46. 

16. Hajarolasvadi S, Elbanna AE. Dynamics of metamaterial beams consisting of periodically-coupled 

parallel flexural elements: A theoretical study. J Phys D Appl Phys. 2019;52(31):315101.  

17. Liu P, Zuo S, Wu X, Sun L, Zhang Q. Study on the vibration attenuation property of one finite and 

hybrid piezoelectric phononic crystal beam. Eur J Mech A/Solids. 2020;84:104017. 

18. Xiao Y, Wen J, Wen X. Flexural wave band gaps in locally resonant thin plates with periodically 

attached springmass resonators. J Phys D Appl Phys. 2012;45(19):195401. 

19. Miranda EJP, Nobrega ED, Ferreira AHR, Dos Santos JMC. Flexural wave band gaps in a 

multi-resonator elastic metamaterial plate using Kirchhoff-Love theory. Mech Syst Signal Process. 

2019;116:480–504. 

20. Xu YL, Chen CQ, Tian XG. The existence of simultaneous Bragg and locally resonant band gaps in 

composite phononic crystal. Chinese Phys Lett. 2013;30(4): 044301. 

21. Yuan B, Wen J, Wen X. Oblique incidence properties of locally resonant sonic materials with resonance 

and Bragg scattering effects. Chinese Phys B. 2013;22(7):074302. 

22. Lei L, Miao L, Li C, Liang X, Wang J. Extending bandgap method of concentric ring locally resonant 

phononic crystals. Appl Phys A: Mater Sci Process. 2020;126(2):96. 

23. Krushynska AO, Miniaci M, Bosia F, Pugno NM. Coupling local resonance with Bragg band gaps in 

single-phase mechanical metamaterials. Extrem Mech Lett. 2017;12:30–6. 

24. Liu Z, Zhang X, Mao Y, Zhu YY, Yang Z, Chan CT, et al. Locally resonant sonic materials. Science. 

2000;289:1734–6. 

25. Yuan B, Humphrey VF, Wen J, Wen X. On the coupling of resonance and Bragg scattering effects in 

three-dimensional locally resonant sonic materials. Ultrasonics. 2013;53(7):1332–43. 

26. Kutsenko AA, Shuvalov AL, Poncelet O, Darinskii AN. Quasistatic stopband and other unusual features 

of the spectrum of a one-dimensional piezoelectric phononic crystal controlled by negative capacitance. 
C R Mec. 2015;343(12):680–8. 

27. Li Q, Guo Y, Wang J, Chen W. Band structures analysis of elastic waves propagating along thickness 



 

 

direction in periodically laminated piezoelectric composites. Crystals. 2018;8(9):351. 



A micromorphic description of Willis coupling

Samuel P. Wallen(1), Benjamin M. Goldsberry(2), Michael R. Haberman(3)

(1)Applied Research Laboratories, The University of Texas at Austin, USA, sam.wallen@utexas.edu
(2)Applied Research Laboratories, The University of Texas at Austin, USA, bgoldsberry@utexas.edu

(3)Applied Research Laboratories and Walker Department of Mechanical Engineering, The University of Texas at Austin, USA,

haberman@utexas.edu

ABSTRACT

Acoustic and elastic metamaterials (AEMM) are artificial materials whose performance is engineered to
exceed that of naturally-occurring materials and conventional composites, often leveraging complex mi-
crostructural geometry and strong dispersion. Generalized continuum (GC) theories, such as micromor-
phic elasticity, are extensions of classical elasticity that capture the effects of microstructure via the in-
clusion of extra degrees of freedom and/or nonlocal effects, and have received renewed interest as poten-
tial reduced-order models for AEMM. An alternative AEMM modeling framework is the elastodynamic
homogenization theory of Willis, which yields an effective medium whose constitutive relations contain
stress-acceleration and momentum-strain-rate couplings. Despite the recent popularity of the GC and Willis
methods, a comprehensive description of their relationship remains lacking. In the present work, we derive
an explicit connection between the Willis and GC models. Specifically, we augment the micromorphic
theory of Mindlin to account for microscale asymmetry of mass density and demonstrate that the resulting
boundary value problem may be expressed in the form of a Willis material. This approach helps to eluci-
date the physical origins of Willis coupling using an energy-based variational formulation, and may offer
insights about how other emergent material properties arise from microstructural constituents.

Keywords:

1 INTRODUCTION
Acoustic and elastic metamaterials (AEMM) are artificial materials whose performance is engineered to exceed
that of naturally-occurring materials and conventional composites, often leveraging complex microstructural ge-
ometry and strong dispersion [1, 2]. Generalized continuum (GC) theories, such as micromorphic elasticity, are
extensions of classical elasticity that capture the effects of microstructure via the inclusion of extra degrees of
freedom and/or nonlocal effects [3, 4, 5], and have received renewed interest as potential low-dimensional mod-
els for AEMM [6, 7, 8, 9]. Generalized continuum theories are usually viewed as a top-down approach, i.e., a
GC model is postulated a priori and its parameters must be fit to a particular microstructure.

An alternative AEMM modeling framework is the elastodynamic homogenization theory of Willis, which
yields an effective medium whose constitutive relations contain stress-acceleration and momentum-strain-rate
couplings (i.e., the so-called Willis coupling) [11, 12, 13, 14]. This homogenization framework represents a
bottom-up approach, since the effective medium is derived from a particular microstructure. Since the seminal
work of Willis [11], many authors have noted the emergence of Willis coupling in their own homogenization
schemes, though its physical origin and mathematical properties vary across models.

Despite the recent popularity of the GC and Willis methods, a comprehensive description of their relationship
remains lacking. In the present work, we derive an explicit connection between the Willis and GC models.
Specifically, we augment the micromorphic theory of Mindlin [15] to account for microscale asymmetry of
mass density and demonstrate that the resulting boundary value problem may be expressed in the form of a
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Willis material. This approach helps to elucidate the physical origins of Willis coupling using a time-domain,
energy-based, variational formulation, and may offer insights about how other emergent material properties arise
from microstructural constituents.

2 AUGMENTED MICROMORPHIC SOLID
2.1 Notation
In the following derivations, we express vector and tensor quantities using indicial notation with components
relative to an orthonormal, Cartesian basis. Einstein summation convention is assumed throughout. Time and
space derivatives are denoted by overdots and subscripted commas, respectively (e.g., ȧi, j denotes the time
derivative of the gradient of the vector with components ai, or ȧi, j⇔ ∇(∂~a/∂ t)).

2.2 Kinematics, Deformation, and Internal Energy
The GC formulation developed herein is based on the linear, elastic theory of Mindlin [15]. To briefly summa-
rize, Mindlin’s theory extends classical elasticity by endowing each material point with a so-called microdefor-
mation, which is a second-rank tensor field with components ψi j. Physically, the microdeformation represents
the deformation gradient of the material in the neighborhood of each material point. Thus, in three dimen-
sions, Mindlin’s theory contains twelve independent variables (three components of the displacement ui and
nine components of the microdeformation ψi j). To increase the applicability of the theory to AEMM, which
are often composed of architected units that exhibit translational local resonances (e.g., the seminal work of
Ref. [16]), we additionally define the microtranslation vi, which allows the microstructure to translate relative
to the macroscopic coordinate points. Macro- and microscopic deformations of a body in our GC framework
are shown schematically in Fig. 1.

Figure 1. Schematic of deformation in the augmented micromorphic continuum model. Each material point X
undergoes the macroscopic deformation χ(X , t), while the microstructure experiences linear deformation gradient
I +ψ(x, t) and translation v(X , t).

In the spirit of Ref. [15], we proceed by developing an energy-based variational formulation based on



Hamilton’s Principle [17]. To this end, we define the following measures of deformation:

εi j =
ui, j +u j,i

2
, (1a)

γi j = ψi j−ui, j, (1b)
κi jk = ψi j,k. (1c)

Here, εi j is a macroscopic, symmetric strain, analogous to a classical elastic solid; γi j is the deformation of
the microstructure, relative to the macroscale; and κi jk is the macroscopic gradient of the microdeformation.
The dynamic behavior of the medium is determined by the manner in which its kinetic energy density T and
deformation energy density W vary with changes in the kinematic variables. The kinetic energy density may
be expressed as

T =
1
2

ρ(u̇ j + v̇ j)
2 + ρ̄kψ̇k j(u̇ j + v̇ j)+

1
2

ψ̇k j ¯̄ρklψ̇l j, (2)

where ρ is the mass per unit macro-volume, and ρ̄k and ¯̄ρkl are the first and second moments of mass density
about the centroid of the micro-volume, respectively. We note that our expression differs from that of Ref. [15]
due the addition of the microtranslation vi and the removal of the assumption that the center of mass of the
micro-volume coincides with its centroid. We postulate the deformation energy as a general, quadratic function
of the deformation measures defined by Eqs. (1) [15], with an additional term generated by the microtranslation
vi:

W =
1
2

viKi jv j +
1
2

εi jCi jklεkl +
1
2

γi jAi jklγkl +
1
2

κi jkBi jklmnκlmn

+ εi jDi jklγkl + εi jEi jklmκklm + γi jFi jklmκklm,
(3)

where Ki j, Ci jkl , Ai jkl , etc. are constants that depend on the material and geometric properties of the microstruc-
ture.

3 EQUATIONS OF MOTION
The equations of motion of the body are defined by Hamilton’s Principle [17], which seeks to minimize the
action defined by the space-time integral of the Lagrangian density T −W , i.e.,

δ

∫ T

0

{∫
V

[
T (u̇i, v̇i, ψ̇i j)−W

(
vi,ψi j,εi j,γi j,κi jk

)]
dV +Wnc

}
dt = 0, (4)

where the symbol δ (·) denotes the first variation of the quantity (·), T is an arbitrary, temporal boundary, V
is the domain of integration with infinitessimal volumetric element dV , and Wnc is the work done by non-
conservative forces throughout the body. The non-conservative work is defined by its variation,

δWnc =
∫

V
( fiδui +giδvi +Fi jδψi j)dV +

∫
∂V

(tiδui +hiδvi +Mi jδψi j)dA, (5)

where fi, gi, and Fi j are generalized body forces that are energetically conjugate to the displacement, micro-
translation, and microdeformation, respectively; ti, hi, and Mi j are analogous surface forces; and ∂V is the
boundary of the volume V , with infinitessimal area element dA. Substituting Eqs. (2), (3) and (5) into Eq. (4)
and following the typical procedure from calculus of variations, yields the following partial differential equations
of motion of the body:

ṗi− (τi j−σi j), j = fi, (6a)
q̇i +φi = gi, (6b)

L̇i j +σi j−µi jk,k = Mi j, (6c)



where we have defined the following generalized momenta:

pi =
∂T

∂ u̇i
, (7a)

qi =
∂T

∂ v̇i
, (7b)

Li j =
∂T

∂ψ̇i j
, (7c)

and the following generalized stresses:

τi j =
∂W

∂εi j
, (8a)

σi j =
∂W

∂γi j
, (8b)

φi =
∂W

∂vi
, (8c)

µi jk =
∂W

∂κi jk
. (8d)

The variational formulation also yields the following boundary conditions:

(τi j−σi j)n j = ti or δui = 0, (9a)
µi jknk = Mi j or δψi j = 0, (9b)

where ni is the outward-facing unit normal vector. The complete boundary value problem for the body com-
prises the equations of motion, Eqs. (6); the strain-displacement relations, Eqs. (1); the stress constitutive rela-
tions, Eqs. (8); the momentum constitutive relations, Eqs. (7); and the boundary conditions, Eqs. (9).

4 WILLIS MATERIAL ANALOGY
4.1 Long-wavelength, Low-frequency limit
For problems with sufficiently low frequencies and long wavelengths, the internal degrees of freedom ψi j and
vi may be approximated as linearly related to the macro-displacement gradient and acceleration as follows:

ψi j ≈ Qi jkluk,l , (10a)
vi ≈−Ri jü j, (10b)

where Qi jkl and Ri j are constants that depend on the material and geometric properties of the microstructure.
We note that Eq. (10a) is equivalent to a reduction to strain gradient elasticity, as in Ref. [15], while Eq. (10b)
is a quasi-equilibrium, internal deformation caused by a constant acceleration.

4.2 Displacement Form
The approximations given by Eqs. (10) may be used to eliminate the internal degrees of freedom, ψi j and vi,
yielding equations of motion in terms of the macroscopic displacement ui only. To this end, we incorporate
these approximations into the variational formulation as constraints with corresponding Lagrange multipliers λi j
and ηi. This yields Hamilton’s Principle in a modified form:

δ

∫ T

0

{∫
V

[
T (u̇i, v̇i, ψ̇i j)−W

(
vi,ψi j,εi j,γi j,κi jk

)
+λi j(ψi j−Qi jkluk,l)+ηi(vi +Ri jü j)

]
dV +Wnc

}
dT = 0. (11)

Carrying out the variation leads to the following equation of motion:

Π̇i−Σi j, j = fi−R jig̈ j−Qlki jMlk, j, (12)



and the following boundary conditions:

Σi jn j = ti +Qkli jMkln j or δui = 0, (13a)
µi jknk = Mi j or δui, j = 0, (13b)

where we have defined the effective macroscopic stress Σi j and effective macroscopic momentum Πi, which are
given by

Σi j = τi j−σi j +Qkli j
(
L̇kl +σkl−µklm,m

)
, (14)

Πi = pi−R ji
(
q̈ j + φ̇ j

)
. (15)

The terms in parentheses in Eqs. (14)-(15) are expressions of the balance of momentum for the microstruc-
ture, which are passed to the macroscale as effective stress and momentum quantities. Finally, by substituting
Eqs. (1), (7), (8) and (10) and Eqs. (2) and (3) into Eqs. (14) and (15), we may express the effective macro-
scopic stress and momentum in the familiar, Willis-like form:

Σi j = Ĉi jkluk,l + Ŝi jkük, (16)

Πi = ρ̃i ju̇ j + S̃i jku̇ j,k, (17)

where the effective material properties are linear, differential operators of the form

Ĉi jkl = Ĉ(0)
i jkl +Ĉ(1)

i jklm∂m +Ĉ(2)
i jklmn∂m∂n, (18a)

Ŝi jk = Ŝ(0)i jk + Ŝ(2)i jk ∂
2
t + Ŝ(odd)

i jkl ∂l , (18b)

ρ̃i j = ρ̃
(0)

δi j + ρ̃
(2)
i j ∂

2
t + ρ̃

(4)
i j ∂

4
t , (18c)

S̃i jk = S̃(0)i jk + S̃(2)i jk ∂
2
t , (18d)

δi j is the Kronecker symbol, and the various coefficients on the right-hand side of Eqs. (18) (e.g., Ĉ(0)
i jkl , S̃(2)i jk ,

etc.) are constants that depend on the microstructure.

5 CONCLUSION
In this work, we have demonstrated that the linear, micromorphic elasticity theory of Mindlin [15] may be
re-cast in a form that is analogous to that obtained via the homogenization theory of Willis [11]. Specif-
ically, we have introduced a time-domain, energy-based, variational formulation in which generalized stress-
and momentum-like quantities, which arise naturally through variations of the kinetic and deformation energy
densities, combine to yield effective constitutive relations that include Willis coupling.

These results present many opportunities for future study, such as: development of an energy-based homoge-
nization scheme to model realizable materials within our framework; conversion of our model into the frequency
domain, in which the internal degrees of freedom could be eliminated without approximation; derivation of
symmetries and physical bounds on the constitutive tensors; and the extension of the variational formulation to
include other physical effects, such as dissipation, nonlinearity, piezoelectricity, and electromomentum coupling
[18, 19, 20].
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ABSTRACT 

Based on the perturbation method, a theoretical study on the elastic wave propagation and opto-mechanical 

couplings in a sub-wavelength phoxonic waveguide is conducted. The considered waveguide material is the 

single-crystalline silicon, which is optically isotropic, but elastically and photo-elastically anisotropic. First, 

under a weakly viscoelastic assumption, the attenuation of the guided elastic wave is studied. Then, for the 

waveguide with slightly misaligned material and structural axes, we study the effects of such misalignment 

on the elastic eigenmodes and opto-mechanical coupling strengths. Theoretical analysis and numerical results 

show the applicability and effectiveness of the perturbation method. The non-degenerate first-order 

perturbation approximation is found to be able to accurately estimate the imaginary parts of the elastic 

eigenfrequencies due to the weak viscoelasticity, while the perturbations on the elastic eigenfrequencies and 

opto-mechanical coupling coefficients, which are introduced in a slightly misaligned waveguide, can be 

accurately captured by the second-order approximation. Furthermore, some analytical insights into the 

underlying physics suggestive of potential practical applications can be gained. 

 

Keywords: Brillouin opto-mechanics, Phoxonic micro-structures, Perturbation method 

1. INTRODUCTION 

In recent years, the studies on the sub-wavelength/nano opto-mechanics and phoxonics have been 

paid much attention around the world. The stimulated Brillouin scattering (SBS) (1-3) is the most 

significant acousto-optical interaction phenomenon in a waveguide structure, which is a third-order 

nonlinearity optical process induced by the collective interaction among the pump, Stokes photons 

and phonons. It has many applications such as Brillouin lasers and sensors. In the past, it has been 

well established that the SBS is generally mediated by the photoelastic (PE) and electrostrictive (ES) 

effects. However, at the sub-wavelength/nano scale, the much enhanced surface/interface physical 

effects: the moving interface (MI) effect and optical radiation pressure (RP), may also become relevant 

coupling mechanisms of SBS. Therefore, the SBS at the sub-wavelength scale may exhibit quite 

radical behaviors, such as the strong dependence on the waveguide geometry, giant enhancement of 

the SBS gain [especially in the case of forward SBS (FSBS) which is generally weak in a traditional 

waveguide] and coherent interference between different coupling mechanisms (4). 

The strengths of the coupling effects underlying SBS can be quantitatively characterized by the 

opto-mechanical coupling coefficients (OMCCs), which are generally expressed as the overlap 

integrals of the involved optical and elastic wave fields over the waveguide cross -section. The 

derivation of the OMCCs and SBS gain is an important part of the theoretical research on the sub -

wavelength SBS. Based on a systematical coupled-mode formulation, Wolff et al. (5) derived the 

explicit integral formulae of the OMCCs due to all the known coupling mechanisms in SBS. In 

reference (6), such integral formulae are extended from the optically isotropic case to the general 

optically anisotropic case. Based on the extended formulae, the authors of reference (7) calculated the 

SBS gain spectra of the waveguide made of the strongly birefringent material rutile (titanium dioxide), 
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and found that a small misalignment between the material and structural axes of the waveguide may 

lead to a rapid emergence of many new resonance peaks in the SBS gain spectra. This finding 

demonstrates the sensitivity of the opto-mechanical couplings and SBS gain to a structural symmetry 

breaking at sub-wavelength scale, and may be utilized for some tuning and control purposes in the 

practical applications of SBS. 

To the authors' knowledge, the perturbation method is seldom used in the theoretical studies of 

sub-wavelength SBSs. Being one of the most widely used approximation techniques, the perturbation 

method is generally based on the idea of expressing the small changes by asymptotic expansions, and 

can thus provide some analytical insights into a complex system. Based on the perturbation method, 

we first study the attenuation of elastic waves in a sub-wavelength silicon waveguide under the 

condition of weak viscoelasticity in this paper. Then, considering the photoelastic and mechanical 

anisotropy of silicon, the effects of the small misalignment between the material and structural axes 

on the elastic eigenfrequencies and OMCCs of the waveguides are studied. The obtained numerical 

results show the effectiveness of the perturbation method, and some perturbative -expansion based 

discussions are provided. 

2. FUNDAMENTALS OF THE WORK 

2.1 Theory of Sub-wavelength Stimulated Brillouin Scatterings 

We consider a waveguide which is longitudinally invariant in the z-direction, as shown in Figure 

1. The doublets (𝜔, 𝛽) and (𝛺,q) represent, respectively, the angular frequencies and wave numbers 

of the light and elastic waves involved in a SBS process. They should meet the phase -matching 

relation as shown on the right-hand part of Figure 1. Here, subscripts s or p, label the Stokes and pump 

lights, respectively. 

 

 

Figure 1- Schematic sketch of the considered waveguide structure and the phase-matching relation 

 

In a steady-state, the growth of the Stokes light along the z-direction can be described by the 

following equation: 

𝑑𝑃s

𝑑𝑧
= 𝐺B𝑃p𝑃s − 𝛼s𝑃s , (1) 

where P and α are, respectively, the guided power and linear loss-factor of the optical wave corresponding 

to the subscript, and 𝐺B the SBS gain. 

According to reference (4), the SBS gain can be expressed as a function of 𝛺： 

𝐺B(𝛺) = ∑ 𝐺B,𝑚
𝑚

(𝛤𝑚/2)2

(𝛺 − 𝛺𝑚)2 + (𝛤𝑚/2)2
 , (2) 

where 𝐺B,𝑚  and 𝛺𝑚  are the SBS gain and eigenfrequency of the 𝑚𝑡ℎ  elastic eigenmode, 

respectively. Therefore, the peaks in a SBS gain spectrum exhibit a Lorenz shape, and the total SBS 

gain can be understood as the weighted sum of individual SBS gains.  If considering mechanical loss, 

𝛺𝑚 becomes 𝛺𝑚 − i𝛤𝑚/2, with i = √−1. The SBS gain 𝐺B,𝑚 can be expressed as: 



 

 

𝐺B,𝑚 =
𝜔s𝑄𝑚|𝐶𝑚|2

4𝑃p𝑃s𝜀𝑚
 , (3) 

where 𝐶𝑚 = ∫(𝐟∗ ⋅ �̃�𝑚) 𝑑2𝐫 , 𝑄𝑚 =
𝛺𝑚

𝛤𝑚
  and 𝜀𝑚 =

𝛺𝑚
2

2
∫ 𝜌|�̃�𝑚|2 𝑑2𝐫  represent the OMCC, the 

mechanical Q-factor and the energy per unit length of the 𝑚𝑡ℎ elastic eigenmode, respectively. Here, 

the hat "~" means the operation to take the (x, y)-dependent complex amplitude of a physical field,  
the integration is performed over the whole cross-section of the waveguide, 𝐟 is the total optical force 

density generated by the interaction of the pump and Stokes lights, 𝐮𝑚 is the displacement field of 

the 𝑚𝑡ℎ elastic eigenmode, and 𝜌 is the mass density.  
As per the integral definition of the OMCC given above, the OMCC essentially represents the work 

per unit length which is done by the optical force acting on the displacement of the elastic wave. Thus, 

the OMCC can be further expressed as the algebraic sum of the two parts corresponding to the 

electrostrictive force and optical radiation pressure, respectively.  Alternatively, according to reference 

(5), if the irreversible coupling effects can be ignored and the optical loss is small enough, the OMCC 

can also be evaluated via the PE and MI effects, and we have 𝐶ES = (𝐶PE)∗ and 𝐶RP = (𝐶MI)
∗. (Here, 

we have ignored the subscript m labelling the number of the elastic wave modes). The integral 

expressions of the PE and MI OMCCs and their detailed derivations can be found in reference (6). 

2.2 Material and Structure 

Silicon is ubiquitous in integrated photonics. With no extraordinary material axis, single-

crystalline silicon belongs to the point group m3m of the cubic crystal system (8). It is optically 

isotropic, but photo-elastically and mechanically anisotropic. The material parameters used in this 

paper, including the refractive index, photoelastic coefficients, elastic modulus and viscosity 

coefficients, are all taken from references (3, 9). All optical parameters correspond to the free space 

wavelength of 1550 nm. 

In the present work, we only consider the circular or elliptical waveguides, and the optical and 

elastic eigenmodes are calculated by the commercial finite element solver COMSOL Multiphysics. 

Figure 2 presents the definitions of the structural and material  coordinate systems x-y-z and ξ-ζ-η in a 

considered waveguide. As shown here, we use the Euler angles to characterize the rotation between 

such two sets of axes. In the present work, we assume that only the Euler angle θ may be nonzero. 

 

 

Figure 2- Material and structural coordinate systems of the waveguide and definition of the Euler angles. The 

line of nodes is denoted by L. 

3. THEORETICAL DERIVATION AND NUMERICAL RESULTS 

3.1 Basic Derivation 

The elastic wave equation in the frequency domain is written as: 

𝜌𝛺2𝐮 + ∇ ∙ (𝐜: 𝐬) = 0 . (4) 

Here, 𝐜  is the stiffness tensor, and 𝐬  is the strain field. Following the general procedure of the 

perturbation method (10, 11), we first suppose that: 



 

 

𝐜 = 𝐜(0) + 𝜖∆𝐜 , (5) 

where 𝜖 is a small parameter characterizing the perturbation. Then, it can be further supposed that: 

𝛺 = 𝛺(0) + 𝜖𝛺(1) + 𝜖2𝛺(2) +∙∙∙ , (6a) 

�̃� = �̃�(0) + 𝜖�̃�(1) + 𝜖2�̃�(2) +∙∙∙ , (6b) 

�̃� = �̃�(0) + 𝜖�̃�(1) + 𝜖2�̃�(2) +∙∙∙ . (6c) 

In the non-degenerate case, we can obtain that:  

�̃�𝑚
(1) = ∑ 𝑎𝑛�̃�𝑛

(0)

𝑛≠𝑚
 , (7) 

�̃�𝑚
(2) =  ∑ 𝑏𝑘�̃�𝑘

(0)

𝑘≠𝑚
. (8) 

Here, 

𝑎𝑛  = −
< �̃�𝑛

(0), (∆𝐜: �̃�𝑚
(0)

) >

[(𝛺𝑛
(0)

)2 − (𝛺𝑚
(0)

)2] < �̃�𝑛
(0)

, 𝜌�̃�𝑛
(0)

>
 , (9) 

𝑏𝑘 =
− ∑ 𝑎𝑛 < �̃�𝑘

(0), (∆𝐜: �̃�𝑛
(0)) > +2𝛺𝑚

(0)
𝑛≠𝑚 𝛺𝑚

(1)𝑎𝑘 < �̃�𝑘
(0), 𝜌�̃�𝑘

(0) >

[(𝛺𝑘
(0)

)2 − (𝛺𝑚
(0)

)2] < �̃�𝑘
(0), 𝜌�̃�𝑘

(0) >
 , (10) 

where <A, B> is the inner product between two vector fields A and B defined as an overlap integral 

over the waveguide cross-section: 

< 𝐀, 𝐁 >= ∫ 𝐀∗ ∙ 𝐁 𝑑2𝐫 . (11) 

And for the frequency corrections, we have: 

𝛺𝑚
(1)  =

< �̃�𝑚
(0), (∆𝐜: �̃�𝑚

(0)) >

2𝛺𝑚
(0) < �̃�𝑚

(0), 𝜌�̃�𝑚
(0) >

 , (12) 

  𝛺𝑚
(2) =

∑ 𝑎𝑛 < �̃�𝑚
(0), (∆𝐜: �̃�𝑛

(0)) >𝑛≠𝑚 − [𝛺𝑚
(1)]2 < �̃�𝑚

(0), 𝜌�̃�𝑚
(0) >

2𝛺𝑚
(0) < �̃�𝑚

(0), 𝜌�̃�𝑚
(0) >

 . (13) 

3.2 First-order Correction of Elastic Eigenfrequency due to Viscoelasticity 

Silicon is generally a material with weak viscoelasticity, so the perturbation method is used here 

to calculate the frequency correction due to the viscoelasticity for the considered waveguides. 

According to the linear elasticity theory, we can assume that ∆𝐜 = −i𝛺𝛈 , with 𝛈  being the 

viscoelasticity tensor. Then, the substitution of such expression of ∆𝐜  into Eq. (12) yields the 

imaginary first-order correction of the 𝑚𝑡ℎ elastic eigenfrequency: 

𝛺𝑚
(1)  = −

< �̃�𝑚
(0), (𝛈: �̃�𝑚

(0)
) >

2 < �̃�𝑚
(0)

, 𝜌�̃�𝑚
(0)

>
i . (14) 

Based on the definition of 𝛤𝑚 given above, we essentially have 𝛺𝑚
(1) = −i𝛤𝑚/2. Let us take a 

circular waveguide with a radius of 111.3 nm as an example to verify Eq. (14). Table 1 lists the 

calculated eigenfrequencies of two non-degenerate modes and two doubly degenerate modes which 

correspond to the elastic wavenumber q = −3.5752 × 107 𝑚−1. For each eigenfrequency, the results 

calculated by COMSOL with and without the inclusion of viscoelasticity, as well as the imaginary 

corrections obtained by Eq. (14), are all given. Obviously, the first-order perturbation theory can 

accurately predict the frequency correction due to viscoelasticity. As the viscoelasticity tensor and the 

stiffness tensor possess exactly the same symmetry, the introduction of the viscoelasticity tensor will 

not break the original symmetry of the system, resulting in no split of the original degeneracy as well 

as no significant change of the elastic field. Therefore, the first -order perturbation can make a good 

approximation here. 

 



 

 

Table 1- The eigenfrequencies obtained with and without considering viscoelasticity as well as the 

corresponding imaginary corrections obtained by the first-order perturbative approximation. (in units of Hz) 

Eigenfrequencies calculated without 

the inclusion of viscoelasticity 

Eigenfrequencies calculated with the 

inclusion of viscoelasticity 

Imaginary correction 

obtained by first-

order perturbative 

approximation 

Non-degenerate 

case 

2.83153 × 1010 2.83154 × 1010 − 3.22301 × 107i −3.22309 × 107i 

4.46410 × 1010 4.46419 × 1010 − 8.60848 × 107i −8.61033 × 107i 

Degenerate 

case 

8.94285 × 1010 8.94297 × 1010 − 3.61241 × 108i −3.61018 × 108i 

8.94285 × 1010 8.94297 × 1010 − 3.61241 × 108i −3.61018 × 108i 

 

3.3 Correction of Elastic Eigenfrequency and Change of Opto-mechanical Coupling 

Coefficient due to Small Misalignment between Material and Structural Axes 

If a small angular misalignment between the material and structural axes of the waveguide is 

introduced (due to fabrication defect or in order to realize some tuning and control purposes), the 

guided physical fields may change significantly as a result of symmetry breaking. Then, to accurately 

capture the effects of such small axes misalignment, we will use the second-order perturbative 

approximation in the following calculations. The small changes of the stiffness and photoelastic 

tensors ( ∆𝐜  and ∆𝐩 ) corresponding to any given Euler angle θ are calculated based on the 

transformation matrix between the two sets of coordinate systems (7). Substituting the obtained 

second-order perturbative approximation of the displacement and strain fields into the expression of 

the OMCCs, we may have: 

𝐶𝑚 = 𝐶𝑚
(0)

+ ∑ (𝑎𝑛 + 𝑏𝑛)∗ ∙ 𝐶𝑛
(0)

𝑛≠𝑚
 

                                       −𝜀0 ∫(�̃�s)∗ {[𝛆r ∙ (∆𝐩: �̃�𝑚
(0)

)
∗

∙ 𝛆r] ∙ �̃�p} 𝑑2𝐫, 

(15) 

where e denotes the electric field of the involved optical wave. Additionally, the unit length elastic 

energy 𝜀𝑚 in Eq. (3) is corrected as: 

𝜀𝑚 =
(𝛺𝑚

(0)
+   𝛺𝑚

(1) +   𝛺𝑚
(2))2

(𝛺𝑚
(0)

)2
∙ 𝜀𝑚

(0)
 

                                                   + ∑ |𝑎𝑛 + 𝑏𝑛|2
(𝛺𝑚

(0)
+   𝛺𝑚

(1) +   𝛺𝑚
(2))2

(𝛺𝑛
(0)

)2
∙ 𝜀𝑛

(0)

𝑛≠𝑚
 . 

(16) 

 On the right-hand side of Eq. (15), the second term is the contribution of mechanical anisotropy, 

while the third term is the contribution of photoelastic anisotropy. We consider an elliptical waveguide 

to verify the accuracy of the perturbative approximation obtained above. The semi -major and semi-

minor axes of the waveguide’s elliptical cross-section are 342.8 nm and 220.4 nm, respectively. And 

we assume that the elastic wavenumber q = 0. First, the elastic eigenmodes are calculated with 

COMSOL for θ = 0˚, 1˚ and 2 ˚, respectively. Then, for each mode, the accurate corrections of the 

eigenfrequency due to the introduction of the two nonzero misalignment angles are compared with 

the corresponding perturbative predictions. We select the obtained results for two elastic eigenmodes 

and present them in Tables 2 and 3, in which the presented perturbative predictions are corresponding 

to θ = 1˚ and 2 ˚, respectively. The accuracy of the sum of the perturbative corrections of the first two 

orders is shown by the relative errors between them and the corresponding accurate results, which are 

all smaller than 4%. 

 

 

 



 

 

Table 2-The obtained results for showing the accuracy of the perturbative corrections of the elastic 

eigenfrequencies of the considered elliptical waveguide due to the introduction of a nonzero misalignment 

angle θ. (The nonzero misalignment angle θ are assumed to be 1˚. The eigenfrequencies corresponding to θ 

= 0˚ and the assumed nonzero value are denoted by 𝑓𝑚
(0)

 and 𝑓𝑚, respectively. And the first and second order 

perturbative corrections of the eigenfrequencies are denoted by 𝑓𝑚
(1)

  and 𝑓𝑚
(2)

 , respectively. The 

frequencies along with their corrections are all in units of Hz.) 

𝑓𝑚
(0)

 𝑓𝑚 𝑓𝑚 − 𝑓𝑚
(0)

 𝑓𝑚
(1) 𝑓𝑚

(2)
 𝑓𝑚

(1)
+ 𝑓𝑚

(2)
 

Relative 

error 

5.06453

× 109 

5.06450

× 109 

−2.7860

× 104 

−2.2933

× 104 

−0.3891

× 104 

−2.6824

× 104 
3.72% 

1.30691

× 1010 

1.30685

× 1010 

−5.7559

× 105 

−3.9043

× 105 

−1.7408

× 105 

−5.6451

× 105 
1.93% 

 

Table 3- The obtained results for showing the accuracy of the perturbative corrections of the elastic 

eigenfrequencies of the considered elliptical waveguide due to the introduction of a nonzero misalignment 

angle θ. (The nonzero misalignment angle θ are assumed to be 2˚. See the caption of Table 2 for more details 

of what is presented here.) 

𝑓𝑚
(0)

 𝑓𝑚 𝑓𝑚 − 𝑓𝑚
(0)

 𝑓𝑚
(1) 𝑓𝑚

(2)
 𝑓𝑚

(1)
+ 𝑓𝑚

(2)
 

Relative 

error 

5.06453

× 109 

5.06442

× 109 

−1.1138

× 105 

−9.1622

× 104 

−1.5580

× 104 

−1.0720

× 105 
3.75% 

1.30691

× 1010 

1.30668

× 1010 

−2.3009

× 106 

−1.5598

× 106 

−0.6955

× 106 

−2.2553

× 106 
1.98% 

 

In Figure 3 are presented the FSBS gain spectra of the considered elliptical waveguide calculated 

for the misalignment angle θ = 0° and 2°. It can be seen that after the nonzero misalignment angle is 

introduced, three obvious resonance peaks appear (marked with the symbol 'o' in the figure). Using 

the derived approximate formula (15), we also calculate the OMCCs corresponding to these three 

resonant peaks, which are then compared with the corresponding accurate results. By detailed 

comparisons, the accuracy of the perturbatively approximate formula (15) is verified. The detailed 

results are presented in Table 4. (Note that in the case that θ = 0°, the OMCCs essentially vanish 

because of the absence of resonance peaks.) In addition, it is also found here that , due to the weak 

photoelastic anisotropy of silicon, the magnitude of third term on the right-hand side of Eq. (15) can 

essentially be neglected. Therefore, in a sub-wavelength silicon waveguide with slightly-misaligned 

material and structural axes, the misalignment-sensitive behaviors of the OMCCs and SBS gains are 

primarily attributed to the elastic anisotropy of the material, suggesting the possible utilization of 

elastic anisotropy to realize some tuning purposes in silicon photonics.  



 

 

 

Figure 3- FSBS gain spectra of the considered elliptical waveguides with different misalignment angle θ 

 

Table 4- The perturbatively approximated versus accurate values of the OMCCs (in units of N) obtained for 

the elastic eigenmodes of the considered elliptical waveguide with different order numbers m (which 

correspond to the three misalignment-sensitive resonance peaks shown in Figure 3).  

m 12 36 76 

Approximate value of Cm 7.0044 × 10−9 1.3375 × 10−9 2.3151 × 10−9 

Accurate value of Cm 7.0119 × 10−9 1.3429 × 10−9 2.3031 × 10−9 

4. CONCLUSION 

In this paper, the perturbation method used for the theoretical study of the elastic wave propagation 

and SBS in a sub-wavelength phoxonic waveguide is developed. Numerical simulations about the 

circular or elliptical silicon waveguides verify the applicability of the developed method. The 

corrections of the elastic eigenfrequencies due to the weak viscoelasticity as well as the OMCCs due 

to the introduction of the small misalignment between the material and structural axes of the 

waveguide can be perturbatively approximated with high accuracy. The obtained results may 

contribute to deepen our understanding of the elastic wave propagation and opto-mechanical coupling 

characteristics in phoxonic microstructures, and may provide some theoretical guidance for the 

practical application of SBS. 
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ABSTRACT
Cloaking is a special case of wave guidance that aims at steering of waves around an object or space. Cloak-
ing can be beneficial in different future applications to reduce wave scattering or to isolate a space from the
surrounding waves. In order to transform wave propagation within the cloak, geometrical transformations are
introduced. Performing a suitable coordinate transformation of the wave equation yields the required material
distribution for steering the waves in the desired path. Hence, the cloak’s performance is directly and deeply
dependent on the chosen coordinate transformation. While in most of the related literature a “linear” transfor-
mation is used to design a cloak, few studies claim that a “quadratic” function results in a more effective cloak.
Based on this observation, a more extensive study is conducted in this paper, where the linear and the quadratic
approaches are generalized to a coordinate transformation of arbitrary polynomial degree. The study explores
the influence of the explicit choice of the underlying transformation on the quality of the cloaking effect both
analytically and numerically for several of the aforementioned polynomial degrees. The numerical investigation
is based on the finite element method.

Keywords: Elastic Metamaterials, Flexural Cloaking, Wave Guidance

1 MOTIVATION
The developments in the field of metamaterials in the recent decades have encouraged scientists to pursue
inspirations, which previously appeared as science fiction fantasy. In cloaking, the waves are guided smoothly
around a space by engineering the material properties around it. The space in the middle is called the core and
the neighboring region around it with engineered material matrix is called the cloak. Usually, a circular shape
is assumed for the core and cloak to make the concept independent of the direction of the incident wave. In
the right panel of Figure 1, the schematic of the cross section of a cylindrical cloak is shown, which is used
as the reference for the discussions in this paper. The core and cloak in the figure have the radii R1 and R2,
respectively. The core typically represents an obstacle or a discontinuity in the structure or space, which causes
the incident waves to be scattered. Moreover, the obstacle causes a shadow region directly behind it. Smooth
guidance of the waves in the cloak region around the core reduces the wave scattering and shadow region.
The guidance of the waves in the cloak makes the space appear as if there was no obstacle in the way of the
physical field. It transforms the obstacle to an infinitesimally small point, which is schematically shown in the
left panel of Figure 1. It is feasible that a cloak could be used, for example, to guide the waves around the
pillars in buildings or around the cabin in automobiles and airplanes.

The idea of cloaking was firstly introduced in electromagnetism [10], but was soon extended for applications
in other fields such as acoustics [4] and elastodynamics [7]. Regarding the widespread usage of thin plates in
the engineering field, the concept of cloaking was also adopted and introduced for manipulating flexural waves
in thin plates [6], which is the mainly considered type of mechanical waves in thin plates. In this regard,
normally the term flexural cloaking is used to refer specifically to the cloaking of flexural waves in thin plates.
The compactness and light weight of thin plates make the flexural cloaking concept more attractive for a large
variety of applications and helps to integrate cloaks. Flexural cloaking could be used to reduce wave scattering
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R1

R2

core

cloak

transformation

R1 7→ 0

Figure 1. Schematic of a cloak. Left: the virtual space. Right: the physical space. The waves are bent around
the core space by a transformation in the cloak region, which is realized by an appropriate material matrix. The
transformation identifies the core space in the physical space with a single point in the virtual space (after [8]).

caused by a hole in a plate or on positions, where other structures are jointed to a plate. It could also be used
for isolating sensitive devices or as previously mentioned in automotive and aerospace industries.

Contrary to the usual engineering problems, where the distribution of a physical field is solved for specific
known material properties, a suitable material matrix in a cloak is searched for in order to obtain the desired
physical field distribution. More precisely, the waves are desired to propagate in specific routes around the core;
and based on that, the required material properties are calculated and engineered in the cloak region. One of
the few existing methods to design a cloak inversely is the transformation method [3, p. 197]. In this method,
firstly the physical field and material properties are linked together in the space. This is normally described
by the governing equations of the physical field. Afterwards, a suitable coordinate transformation is used to
describe the desired distribution of the physical field in the space, for example the routes around the core
shown in Figure 1. At the end, the governing equations are transformed according to the chosen coordinate
transformation in order to transform the physical field and calculate the required transformed material matrix.

The underlying coordinate transformation is not limited to one specific choice. In the literature, mostly a
polynomial function of order n = 1, i.e., an affine function, is used to describe the distortion of the space, see
for example [6]. Notice that this function differs from a linear one only by an additive constant, and conse-
quently, even though it is technically not linear, it is referred to as such for simplicity. Zareei et al. [12] were
the first who proposed using a non-affine, and as such a truly nonlinear transformation, for flexural cloaking.
They claimed that the "nonlinear cloak has much less scattering in a broader range of frequencies” [12, p. 4].
Later, Darabi et al. [5] confirmed experimentally that a cloak designed based on the nonlinear transformation
introduced by Zareei et al. [12] shows greater potential in cloaking at higher frequencies in comparison to
the linear transformation introduced by Farhat et al. [6]. Since the cloak, namely the distortion of the waves
in the space, is designed based on the coordinate transformation, the choice of the coordinate transformation
has a fundamental impact on the performance of the cloak. Therefore, different polynomial transformations are
considered in this study and the performance of the corresponding cloaks is compared numerically.

2 POLYNOMIAL TRANSFORMATION
In the transformation technique, the coordinate mapping is used to transform a physical field, which represents
the flexural vibrations in a cylindrical cloak in a thin plate for the present study. The free vibrations in a thin
plate are described by the Kirchhoff equation, which is written as follows in polar form:

D0 ∇
2
∇

2 w(r,θ)+ρ0hω
2w(r,θ) = 0 , (1)

where D0, w, ρ0, h, and ω refer to the flexural rigidity, deflection, mass density, thickness, and angular fre-
quency of the plate, respectively, and ∇2 is the Laplace operator in polar coordinates.



For the construction of a transformation function, inspiration is taken from the transformation functions used
in [2] and [12]. These are generalized to a map Fn : (0,R2)× (0,2π)→ B‖·‖2(0,R2)\B‖·‖2(0,R1) defined by

Fn(r,θ) :=
(

Rn
1 +

Rn
2−Rn

1
Rn

2
rn
) 1

n

sinθ

cosθ

 , r ∈ (0,R2) ,θ ∈ (0,2π) , (2)

that maps the a disk of radius R2 onto an annulus of radii R1 and R2. Since one is interested in expressing the
governing differential equations in terms of new coordinates (r̃, θ̃) rather than (r,θ), one considers the inverse,
i.e., the coordinate transformation Φn : (R1,R2)× (0,2π)→ B‖·‖2(0,R2) defined by

Φn(r̃, θ̃) :=
(

Rn
2

Rn
2−Rn

1

) 1
n

(r̃n−Rn
1)

1
n

sin θ̃

cos θ̃

 , r̃ ∈ (R1,R2) , θ̃ ∈ (0,2π) . (3)

Notice that for n = 1 and n = 2 the function Fn coincides with the (affine-) linear and nonlinear maps used in
the literature (see [2] and [12]). The transformation acts on horizontal lines by bending them away from the
core region as displayed in Figure 2 for some explicit choices of n.

The family of coordinate transformations
{

Φn | 1
n ,n ∈ N

}
gives rise to an infinite number of coordinate trans-

n=0.5
n=1
n=2
n=3
n=4

Figure 2. Images of horizontal lines under Fn for all n ∈
{ 1

2 ,1,2,3,4
}

, R1 = 1, and R2 = 2.

formations, where each transformation relates the old and the new radial variables, r and r̃, respectively, by the
equation

r̃n−
Rn

2−Rn
1

Rn
2

rn = Rn
1 , (4)

which is a polynomial equation of degree n. Therefore, it is convenient to refer to the cases n ∈ {1,2,3,4} as
linear, quadratic, cubic, and quartic, respectively, facilitating the distinction of different degrees of nonlinearity.
Regarding Figure 2, one observation can be made instantly: The transformation behaves monotonously with
respect to the parameter n in the sense that the larger one chooses n, the less strongly the horizontal lines
are bent away from the core region. This causes the equally spaced horizontal lines both to be mapped more
densely and to curve more drastically in the vicinity of the inner boundary of the cloak for larger n. On the
other hand, this also results in a smoother transition into the cloak at the outer boundary at radius r̃ = R2 for
larger n.



The formalism necessary to transform the differential equation describing the considered problem is provided
by differential geometry. It is sufficient to consider the transformation of the Laplace operator,

∇
2 =

1√
detgΦn

∑
x̃∈{r̃,θ̃}

∂x̃

√detgΦn

g−1
Φn

∂r̃

∂
θ̃


x̃

 , (5)

where gΦn is the metric induced by the coordinate transformation Φn defined by gΦn := J T
Φn

JΦn and JΦn is
the Jacobian of Φn. Carrying out the transformation given by equation (5) with respect to Φn defined in (3)
and applying the operator to itself to extend the transformation to the operator ∇2∇2, tedious calculations and
simplifications finally yield for every coordinate transformation Φn, n, 1

n ∈N the transformed Kirchhoff equation.
More explicitly, equation (1) writes as follows in the transformed coordinates:
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where

f1(r̃) := r̃3n +(n2 +n−1)(n−1)Rn
1r̃2n +(−6n2 +n+1)(n−1)R2n

1 r̃n +(3n−1)(2n−1)(n−1)R3n
1 (7)

and

f2(r̃) :=−r̃2n−2(2n−1)(n−1)Rn
1r̃n +(11n−7)(n−1)R2n

1 . (8)

A cylindrical cloak can be realized by arranging rings of different materials beside each other, which is
called a multilayered cloak and is shown schematically in the left panel of Figure 3. The realization of a cloak
is explained in detail in Section 3. However, first the required material properties need to be calculated. In
order to derive the required material properties for the field transformation in a multilayered circular cloak, the
transformed terms from equation (6) are compared with the original Kirchhoff equation in the undeformed space.
Notice that equation (1) is formulated assuming a homogeneous isotropic material for the plate. Therefore, the
general Kirchhoff equation including the polar orthotropy and radial inhomogeneity of a multilayered circular
cloak is the correct choice for comparing the original and transformed equations. The corresponding extended
equation in the cylindrical coordinates is written as
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where

Drθ = Drνθ +2Dk = Drνθ +
Gh3

6
. (10)

More details on the derivation of (9) and (10) can be found in [12].
More precisely, the comparison of the equations succeeds the following idea: One regards the physical

space with an inhomogeneous material distribution as the deformation of a virtual space with a homogeneous
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Ẽ
θ̃
(r)/Ehost

54321

layer 1

layer n

s
h

core

host

10−4

10−2

100

102

104

r̃/R1

Figure 3. Left: schematic of the layers in a multilayered cloak to discretize the material properties distribution.
Right: continuous and discretized material properties distribution in a cloak [8].

material distribution. The respective coordinates are matched by a suitable coordinate transformation T . Ex-
pressing the plate equation with homogeneous material parameters in virtual space in terms of the coordinates
in physical space yields transformed differential operators with additional factors according to the chain rule as
demonstrated by the exemplary calculation

D0
∂w
∂ r
◦T = D0

(
∂

∂ r
(w◦T ◦T−1)

)
◦T = D0

(
∂T−1

∂ r
◦T
)

︸ ︷︷ ︸
transformed material properties

∂ (w◦T )
∂ r̃

, (11)

where r and r̃ refer to the radial coordinates in virtual and physical space, respectively, and D0 refers to ho-
mogeneous material properties in virtual space. In other words, the left-hand side of equation (11) exemplarily
depicts part of the Kirchhoff equation with homogeneous material parameters transformed via the chosen coor-
dinate transformation T . The resulting expression on the right-hand side of (11) is a differential operator with
respect to the transformed coordinates in physical space with an additional factor stemming from the underlying
transformation due to the chain rule. The right-hand side of equation (11) further illustrates that this additional
factor can be interpreted as part of the respective material parameter of an inhomogeneous material. Conse-
quently, it is matched with the respective unknown inhomogeneous parameters of equation (9), thus defining the
inhomogeneous material matrix necessary to bend the waves in the initially desired way.

Choosing the following relations, the terms referring to the 4th order derivatives of the transformed equation
(6) and original equation (9) match together perfectly:
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(
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where
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2

) 2
n

. (13)

It is noticed that for all n ∈ N the constant J2 converges to unity in the limit of large ratios of R2/R1.
For polynomials with n ≥ 2, the rate of convergence is sufficiently fast in order for J2 to be neglected for



R2/R1 ≥ 4. In this case, the transformed properties converge to the host properties (D0,ρ0) at the outer edge
of the cloak around R2, which is essential to avoid undesired large discrepancies between the cloak and the
surroundings. For the linear transformation, a very large ratio of R2/R1 is required to reach J2 ≈ 1 and avoid
large differences with the surroundings. For the transformation with respect to n = 0.5 the situation is worse
and extremely large values of R2/R1 are necessary to fulfill J2 ≈ 1. Therefore, in this study, the constant J2

is simply disregarded for all the transformations to avoid the reflection of the waves on the outer boundaries
of the cloak around R2. Moreover, the adjustment of the flexural rigidity is challenging, as it depends on
the elasticity modulus, Poisson’s ratio, and thickness of the plate. Instead, the transformation relations (12)
are assigned only to the elasticity modulus. The experiments performed by Stenger et al. [11] proved that a
flexural cloak designed merely by the transformation of the elasticity modulus guides the waves around the core.
Therefore, considering the above explanations, the following relations are used in this study to design flexural
cloak configurations based on transformations with different polynomial orders:
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r̃n−Rn
1
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r̃n

r̃n−Rn
1

) 2(n−2)
n

ρ0 , (14)

where E0 and ρ0 refer to the original properties of the host. It should be mentioned that the transformed
elasticity moduli for a linear cloak based on relation (14) differ from those achieved by Farhat et al. [6],
which are used in most of the literature of flexural cloaking. Farhat et al. calculated the transformed material
properties by applying the linear transformation on a simplified version of the Kirchhoff equation for vibration
of thin plates. The relations in the present work are, on the other hand, calculated by applying the same
coordinate mapping on equation (1). In this regard, the approach in the present work, and accordingly the
achieved relations, are in accordance with the study of Brun et al. [2].

3 MODELING AND SIMULATION
The modeling of the cloak in this study is based on the multilayer method, which is a technique to realize the
complex anisotropic inhomogeneous material matrix of a cloak. In the multilayer technique, continuously vary-
ing material properties of a cloak, e.g., the elasticity modulus, are discretized. An example of the continuous
elasticity distribution in a flexural cloak with a polynomial transformation of order n = 2 and the corresponding
discretization is shown in the right panel of Figure 3. The distribution of the elasticity modulus is shown in ra-
dial and azimuthal directions with solid and dashed lines, respectively. More exactly, the continuous distribution
in the radial and azimuthal directions is shown in ( ) and ( ), respectively. The corresponding discretized
values are depicted with ( ) in the radial (r̃), and ( ) in the azimuthal (θ̃ ) directions. The values shown
in the figure correspond to a cloak with R1 = 15mm and R2 = 70mm. Therefore, the ratios of the elasticity
moduli are equal to unity for r̃/R1 > 4.67, since this refers to the region outside the cloak. The discretization
takes place by arranging several layers beside each other, each of which consists of a mixture of two or more
different materials. The schematic of a multilayered cloak is shown in the left panel of Figure 3.

The use of the multilayer technique for the realization of flexural cloaks was firstly introduced by Farhat et
al. [6]. The multilayer method uses the effective medium theory to mix different materials in each layer and
reach the required orthotropic properties. Therefore, the multilayer method helps, on the one hand, to approx-
imate the continuously varying properties by discretization, and, on the other hand, to realize inhomogeneous
orthotropic properties through using the effective properties of a mixture of different materials in each layer.
Based on the effective medium theory, if the size of a microstructure is much smaller than the wavelength, the
macro-structural behavior of the mixture can be interpreted by the resulting effective properties and without the
need for micro-structural analysis. Normally, a softer material (s) and a harder one (h) are used in each layer of
a cloak. In a circular cloak, which is the main focus of this study, normally the mixed materials are arranged
beside each other as rings, which is also illustrated in the left panel of Figure 3. The corresponding effective
elasticity moduli in the radial and azimuthal directions are calculated by the rule of mixture:
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where d and j refer to the width of each ring or layer and the layer number, respectively. For the rings in each
layer, the calculated mass density according to equation (14) is assigned.

In order to design a multilayered cloak, a reference point r̃ j is assumed for each layer. Afterwards, the
transformed elasticity moduli in the radial and azimuthal directions are calculated for each layer based on its
reference r̃ j and using equation (14). At the end, the volume fraction of the constituents in each layer is
calculated according to the rule of mixture in equation (15). The volume fraction of each material can be
adjusted by different methods. One of the methods for a circular cloak is to adjust the width of the rings in
each layer. In this work, however, identical rings are used, which means that γ j = 1 is supposed. Accordingly,
the respective elasticity moduli of the softer and harder rings in each layer are calculated using equation (16),
which is a reformulation of equation (15) for γ j = 1:
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r̃ Ẽ j
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The calculated elasticity moduli and mass densities are then set in the model regardless of the availability of
materials with the calculated properties. In other words, the cloak configurations in this study are designed by
artificial materials. The use of artificial materials helps to concentrate on the influences of the different applied
transformations and exclude the limitations of using available and conventional materials in the design. Never-
theless, it is important to investigate the realization of cloaks with innovative solutions and available materials in
future studies. Regarding the above explanations on the multilayer method, the modeling process is elucidated
more exactly in the following lines.

The modeling and simulation in this study is performed using the commercial finite element analysis soft-
ware Abaqus 2018. The host plate has dimensions of 1000×850×1mm and an elasticity modulus of Ehost =
0.5GPa. It is shown schematically in Figure 4. The plate is modeled using thin shell elements S8R5, which
ignores the shear stresses and is in accordance with Kirchhoff’s hypotheses. The rings of the cloak are modeled
as circular element sets, to which the respective calculated transformed elasticity modulus and mass density val-
ues are assigned. For all materials in all configurations a Poisson’s ratio of 0.45 is assumed. The cloaks have
dimensions of R1 = 15mm and R2 = 75mm. Each cloak consists of 20 layers.
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Figure 4. Schematic of the modeled cloak [9].



In order to investigate the cloaking effect, plane waves are propagated in the plate and the scattering of the
waves is observed and evaluated. For this aim, the plate is simply supported in the deflection’s direction on
two edges in accordance with Figure 4. The excitation is generated by a pressure on a small surface on one
edge of the plate as shown in the same figure. The nodes on the excitation surface are tied to a reference node
using the multipoint constraint in Abaqus, which “makes the global displacements and rotations as well as all
other active degrees of freedom equal” for the tied nodes [1]. As a result, the nodes on the excitation surface
move in phase and propagate plane waves. Though propagation of plane waves facilitates the observation of the
cloaking effect, it is not sufficient. It is necessary to avoid the reflection of the waves by the edges of the plate.
For this, engineering dashpots presented by Abaqus are arranged in rows on the edges of the plate as shown in
the figure. The damping coefficients of the dashpots are increased linearly to avoid the reflection of the waves
due to an impedance jump. The increase of the damping coefficients is illustrated in Figure 4 by using darker
colors for larger coefficients and lighter colors for smaller coefficients. Moreover, a small damping factor of 1%
is assigned to all materials to observe the cloaking effect more clearly.

The model is meshed with a geometrical global size of 0.014 based on a convergence study at 800Hz. The
total simulation time is equal to 0.03s, which is adequate for part of the waves to pass the cloak and reach the
opposite edge of the plate where they are dissipated. From the viewpoint of time, the model is discretized with
a total number of time steps equal to the frequency. As a result, the model is discretized finer in time domain
as frequency increases.

4 RESULTS AND DISCUSSION
In order to assess and compare the performance of the cloaks with polynomial transformations of different
orders, the out-of-plane velocity of the nodes on a circle around the cloak is collected. When the incident plane
waves meet an obstacle, they are scattered in different directions. The obstacle also causes a shadow region just
behind itself. These interactions are more intense in the close neighborhood of the obstacle. For that reason,
the performance of a cloak can be assessed more appropriately by focusing on a close neighborhood of it. In
this regard, a radius of 1.2R2 is chosen for the assessment circle, as depicted in Figure 4.

Since the simulations are performed in time domain, the velocity of the nodes on the assessment circle for
a single time step as well as the average behavior over a specific time interval is investigated. The velocities
of nodes on the assessment circle are evaluated for each cloak configuration with regard to the reference plate,
which has no obstacles and allows the plane waves to propagate without disturbance. More exactly, the scattered
velocity vscatt =| v−vref | is calculated for each node on the assessment circle, where v and vref refer to the node
velocities of the cloak configuration and the reference plate, respectively. For the average behavior over time,
the root mean square (rms) values of v and vref are calculated over the last 50 time steps of the simulations.
In the case of single time step assessment, the values are selected from one single time step to calculate the
corresponding scattered velocity vscatt.

However, the compared cloak configurations possess different material distributions and are therefore re-
garded as different systems. Hence, it is not reasonable to compare the same time steps of the different systems
together, as the wave propagation is different in them. In order to overcome this challenge, a correlation is used
to select the best representative state of each cloak configuration, which indicates the best performance of the
cloak in guiding the waves. The used correlation is Bravais-Pearson and is calculated on the correlation region
shown in Figure 4. The correlation is computed for the last 15 time steps of each cloak configuration and with
reference to the last time step of the reference plate. The time step with the best correlation is selected as the
representative state of the cloak configuration.

The scattered velocity field on the assessment circle for single time steps is shown in Figure 5 for cloak
configurations with polynomial transformations of different orders n. The directivity of the plots is caused by the
scattering of the waves and their interference with the surrounding waves. It is noticed that the transformations
of order n = 0.5 and n = 1 show the poorest performance at all investigated frequencies. The plots show larger
velocity differences for the mentioned configurations than for other configurations, especially in the post-cloak
region, i.e., the left semicircle in the plots. The quadratic, cubic, and quartic cloaks show a very similar
behavior and very small scattered velocity values. However, the quadratic and cubic cloaks imply a slightly



better performance and smaller scattered velocities than the quartic cloak. It is indicated by a close observation
of the plots that the quadratic cloak shows generally the best performance among all, though its response is
very close to the cubic cloak.
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Figure 5. Comparison of the single time step scattered velocity field for polynomial transformations of different
orders n. The velocities are calculated on the assessment line shown in Figure 4.

The average scattered velocity field of the cloaks over time is shown in Figure 6. The plots show the
difference between rms velocities of the cloak configurations and the reference plate. The rms plots approve
generally the observations from Figure 5. However, in these plots, the cloak with order n = 0.5 shows by far
the weakest performance at all investigated frequencies, especially in the post-cloak region. The linear cloak
exhibits a weaker performance than the quadratic, cubic, and quartic cloaks at frequencies of 200 and 400Hz.
At frequency 600Hz, however, it shows a better performance in the shadow region. The plots in Figure 5 and
Figure 6 indicate that the cloak with polynomial order n = 1 performs better at higher frequencies. It should be
recalled that the transformed properties for the linear cloak investigated in this study are different from those
introduced by Farhat et al. [6] and used in most of the literature. The study of Farhat et al. [6] is based on a
simplified version of the Kirchhoff theory for thin plates. The transformed relations and also the performance
of the corresponding linear cloak in the present study are in agreement to the study of Brun et al. [2].

The quadratic, cubic, and quartic cloaks show a very similar behavior. Nevertheless, the quadratic cloak
performs slightly better than the others, which is especially recognizable at frequency 600Hz. We believe the
weaker performance of the cubic and quartic cloaks is due to their abrupt and dense transformations in the close
neighborhood of the core, which requires extremely fine discretization to be properly realized. In fact, the fine
discretization used in this study by rings of 1.5mm is still not adequate to realize the higher compression of the
transformed space in the vicinity of the core in the cubic and quartic cloaks. As the frequency increases, the
ratio of the microstructure, namely the rings of the investigated cloaks, to the wavelength increases. As a result,
the reliability of the effective properties decreases. This is one of the main reasons for the weaker performance
of the cloaks at higher frequencies. The situation is aggravated in the cubic and quartic cloaks due to the more
densely compressed transformed space around the core in these cloaks and the necessity for finer discretization.

In addition to the above plots, the correlations of the cloak configurations at their representative time step
are also used as a quantitative measure for comparing the performance of the cloaks. The correlations are noted
in Table 1. The correlations are in agreement with the previously discussed plots. The cloaks with orders
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Figure 6. Comparison of the root mean square (rms) scattered velocity field for polynomial transformations of
different orders n. The velocities are calculated on the assessment line shown in Figure 4.

n = 0.5 and n = 1 have noticeably lower correlations than the other cloak configurations. The quadratic, cubic,
and quartic configurations possess similar correlations. Similar to the observations in Figure 6, the quadratic
cloak shows slightly better correlations, especially at frequency 600Hz.

Table 1. Correlation of cloaks with polynomial transformations of different orders n.

Frequency (Hz) n = 0.5 n = 1 n = 2 n = 3 n = 4

200 44% 51% 87% 87% 83%

400 48% 58% 89% 87% 82%

600 43% 51% 81% 75% 72%

5 CONCLUSION
The coordinate transformation is the basis of the design procedure of cloaks and has therefore a great influence
on the performance of the resulting cloak. A deformation of space for designing a cloak can be realized and
described by different functions, i.e., the underlying coordinate transformation is not limited to one specific
choice. Despite the importance of the topic, it is not discussed sufficiently in the literature. In most of the
literature, the cloak is designed based on a polynomial function of order n = 1 and only few studies proposed
using a nonlinear transformation [12, 5]. In this study, cloak configurations are designed based on polynomial
transformations of orders 0.5, 1, 2, 3, and 4 and their performance is compared numerically.

The investigations in this study show a remarkably weaker performance for cloaks with polynomials of order
n = 0.5 and n = 1 in comparison to the other investigated cloaks. For the quadratic, cubic, and quartic cloaks,
a very similar behavior is observed, though the quadratic one indicates a slightly better performance, especially
at higher frequencies. To the opinion of the authors, the weaker performance of the cubic and quartic cloaks is
possibly due to the transformed space being more densely compressed in the close neighborhood of the core in
these cloaks, which demands a very fine discretization and microstructure. We believe based on the results of
this study that a cloak with higher polynomial order performs better. A further study with finer discretization can
assess this claim. However, the realization challenges also increase as the order of the polynomial transformation



increases, as finer microstructure is demanded. A higher order polynomial transformation can be an option
for specific applications, where extreme performance is required. Alternatively, it can be used at very low
frequencies, where a coarser microstructure suffices.

It should also be mentioned that this study is based on different assumptions and simplifications. Additional
studies can be pursued for a deeper knowledge on the topic, e.g., with modified transformations, different as-
sessment criteria, or other theoretical and practical improvements. Concretely, this study disregards the factor J2

for transformed properties to avoid abrupt impedance change between the cloak and the surroundings. However,
a closer focus can be granted in future studies on the interactions at the outer boundaries of the cloak. Another
assumption for the present study is the use of artificial materials regardless of their availability in the nature.
The use of artificial materials helps to concentrate on the influence of the underlying transformations beyond the
limitations caused by material availability. The realization aspects of cloaks with innovative fabrication solutions
and with use of available materials need to be investigated in further studies.

A APPENDIX
Since for certain choices of the polynomial order n the transformed differential operator from (6) further sim-
plifies, it may be interesting to take an explicit look at these specific cases. For n = 1

2 one obtains

∇
2
∇

2w =

R
1
2
2 −R

1
2
1

R
1
2
2

8
 r̃

1
2 + 1

8 a
1
2(

r̃
1
2 −a

1
2

)7
∂w
∂ r̃
−

r̃− 3
4 a(

r̃
1
2 −a

1
2

)6
∂ 2w
∂ r̃2 +

2r̃
(

r̃
1
2 − 3

2 a
1
2

)
(

r̃
1
2 −a

1
2

)5
∂ 3w
∂ r̃3 +

r̃2(
r̃

1
2 −a

1
2

)4
∂ 4w
∂ r̃4

−
2
(

r̃
1
2 +a

1
2

)
(

r̃
1
2 −a

1
2

)7
∂ 3w

∂ θ̃ 2∂ r̃
+

2r̃(
r̃

1
2 −a

1
2

)6
∂ 4w

∂ θ̃ 2∂ r̃2
+

4(
r̃

1
2 −a

1
2

)8
∂ 2w
∂ θ̃ 2

+
1(

r̃
1
2 −a

1
2

)8
∂ 4w
∂ θ̃ 4

 . (17)

As for n = 1, one has
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For n = 2, the transformed differential operator assumes the following form:
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For n = 3, one obtains
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Finally, the case n = 4 gives
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ABSTRACT
This work deals with the identification of optimal working conditions of a negative stiffness absorber consist-
ing of a two-spring assembly. Design rules are derived from the energy stored and the force generated by each
spring on the center mass, and location of stable equilibrium points. Optimal sets of mechanical and geometrical
parameters will be implemented on a finite element model to predict either static or dynamic behavior. Exper-
iments are performed on a mock-up in which spring like components are 3D printed. Buckling condition is
introduced on the springs to evaluate its influence on the negative stiffness effect. The efficiency of the negative
stiffness resonator on vibration isolation is evaluated for different conditions of buckling force.

Keywords: Vibration isolation, negative stiffness, high static low dynamic isolator

1 INTRODUCTION
It is known from studies on dynamic vibration absorbers that stiffness determines the range of efficiency of an
isolator. However, one limitation of the classical linear description is that stiffness should be reduced as a larger
frequency range of performance is expected. This would result in a large static displacement that would be un-
satisfactory for some applications. To overcome this limitation, negative stiffness was introduced to reach low
frequency ranges of efficiency. Negative stiffness springs were introduced in the form of curved beam by [10]
and it was shown that such nonlinear springs provide low frequency performance and while they support the
static load of the equipment to be isolated. The mechanism has been further developed as industrial vibration
isolator for sensitive equipment such as microscopes [8], or installed as seat suspension in vehicles [5], however
the specific nonlinear behavior relying on the buckling instability motivated numerous fundamentals studies. One
may cite the pioneering papers of Lakes [4, 3], in which negative stiffness was introduced to bring additional
damping in composites. Similar behavior of pre-stressed negative stiffness springs was previously investigated
in [8]. The negative stiffness assembly is usually presented a two horizontal springs in series, whose connecting
point is also attached to a vertical spring. In this way, the two horizontal springs provide the negative stiffness
while the vertical spring brings the positive stiffness. This assembly is largely documented to identify its high
static low dynamic features, as well as the conditions for which the negative stiffness compensates or over-
come the positive one, leading to specific nonlinear behaviors [7] followed by [2], and [13]. Additional ways
to produce quasi-zero stiffness are also presented in the comprehensive book of [6]. As examples of recent
developments, the negative stiffness component can be inserted as magnets, as in [1], and that such devices are
also suitable shock performance in [9].

The objective of this work is to present some design rules and equations associated to the description of a
negative stiffness resonator prototype. The design under study is largely inspired from [10] and [12]. These are
complemented by preliminary finite element comparisons performed on the different components. Experimental
measurements are finally conducted on the mock-up and demonstrates the tunable aspect of the resonator with
respect to different buckling loads.
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Center mass Frame Support springs Curved beams Slider 

Figure 1. Picture of experimental setup with components of the resonator, aluminium rigid elements, and 3D
printed soft components, and instrumentation ; accelerometer on mass, and impact hammer

2 THEORETICAL INSIGHT
This section gives an overview of preliminary theoretical calculations that can be made to assess the static
behavior and dynamic performance of the resonator depicted in Fig. 1. It consists of an aluminum frame
assumed to be rigid inside which there are several moving parts. The center mass is made of aluminium and is
supported on its top and bottom by four folded beams that provide positive stiffness in vertical direction. The
center mass is also attached on its left and right sides to two pairs of curved beam that provide the negative
stiffness. As for the four folded beams, the two pairs of curved beam are 3D printed. Two aluminium sliders
are designed to move horizontally in opposite directions to induce local buckling of the curved beams.

2.1 Negative stiffness from buckled Euler beams
drawn in Fig. 2 The first element considered is the beam with initial imperfection w = Q0, length L, depth b
and thickness h. As for the case of a straight beam, the beam will not deform until the applied load reaches the
critical buckling load Pe, but in case of initial imperfection, a corrected expression can be found between the
end shortening δ and the axial force P, as derived in [11]. Assuming w < 0.2L, the force displacement relation
is :

P = Pe
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L

((
πQ0

L

)2

+4
(

δ

L

))−1/2
(1+

1
8

(
πQ0

L

)2

+
1
2

(
δ

L

))
(1)

with Pe = nEI(π/L)2 the Euler critical load of the beam with n = 4 in case it has both ends clamped, EI
is the bending stiffness, L is initial the length of the beam. Geometric parameters and mechanical properties of
curved beam are indicated in Table 1.

Table 1. Geometrical parameters and mechanical properties of curved beams

Dimensions [m] Young’s Modulus [GPa] Density [kg/m3]

L = 0.14, Q0 = 0.004, b = 0.06, h = 0.004 2.5 1008
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Figure 2. Compressed Euler beam clamped at both ends, physical configuration of the negative stiffness res-
onator at rest and working state with initial displacement

Two pairs of curved beams are then connected on both sides of the center mass, as illustrated in Fig. 2, and
an initial axial displacement δ is applied in opposite direction. Increasing the initial displacement makes the
beams to buckle and provides a restoring force F . Assuming δ < 0.1L as recommended by [11], and assuming
the two pairs of curved beams and mass are aligned, the vertical reaction force F is formulated as :

F(x) =−4Pe

(
1− sa−1/2

1

)
a2

x
γ

(2)

with s = πQ0/L, γ =
√

L−δ )2 + x2, a1 = s2 +4−4γ/L, and a2 = 3/2+ s2/8− γ/2L. Differentiating (2) versus
the displacement gives the effective stiffness provided by the element as
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1
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with a3 = x2/(Lγ2). The resulting expression of effective stiffness (3) exhibits the unconventional nature of the
resulting force with respect to initial axial displacement δ . This aspect is closely reported in [10, 2].

3 Numerical modeling of the negative stiffness component
Numerical simulation were conducted at different scale to emphasize the relevancy of theoretical approach in-
troduced above. These deal with the computation of the restoring force with respect to initial deflection 3.1,

3.1 Force-displacement relations
The force-displacement relation is obtained numerically using commercial finite element software. The reaction
force is plotted in Fig. 3 as a function of the vertical imposed displacement for 2 mm and 4 mm. Two
comments can be formulated, First, for same values of displacements, the tension restored by the thick beam is
larger than that generated by the thin one. Second is the flattening of the curve and especially the widening of
the area where the stiffness is negative, which appears as a fundamental feature for the design of the resonator.

In the next section, buckling aspect is implemented in order to demonstrate the softening of the structure as
compressive load is introduced.

3.2 Eigenfrequency versus initial buckling force
The previous study is extended to the assembly of a pair of curved beams, as represented in Fig. 2. Fixed
boundary conditions are specified on the outer boundary of the structure while compressive load is applied
towards the mass to create the buckling, and the first eigenfrequency is successively computed and reported in



-5 0 5

Displacement at center [m] 10-3

-60

-40

-20

0

20

40

60

R
e
s
to

ri
n
g
 f
o

rc
e
 [
N

]

-5 0 5

Displacement at center [m] 10-3

-300

-200

-100

0

100

200

300

R
e

s
to

ri
n

g
 f

o
rc

e
 [

N
]

(a) (b)

Figure 3. Vertical reaction force versus vertical displacement at the middle of the assembly, for (a) 2mm and
(b) 4mm thick curved beams, and increasing values of initial displacement δ [0;0.1L] from light to dark blue

Fig. 4. It can be seen that as the load increases, the fundamental frequency tends to zero, as the system is made
gradually softer. As a limit behavior, this curve crosses the load axis at the critical buckling load obtained from
a preliminary buckling analysis.

In the next section, mass is introduced in between the two pairs of curved beam, which results in the a
shifting of eigenfrequencies to lower frequencies. Support beams are also modeled, as they prevent the curved
beam to naturally bend when the middle mass is introduced.

3.3 Eigenfrequency study
From the geometrical parameters and mechanical properties indicated above, a preliminary eigenfrequency com-
putation is performed on a three dimensional finite element model of the assembly. Fixed boundary conditions
are specified on left, right, top, and bottom boundary of the assembly to mimic clamped conditions with the
frame. This results in the modal shapes illustrated in Fig. 5. The modes of interest are the ones having in-plane
kinematics, and particularly the first one associated with symmetrical bending of curved beams on each side
of the mass, resulting in its vertical motion. For this specific kinematic to occur, it is outlined that negative
stiffness introduced by curved beam should overcome positive stiffness produced by the four supports. The
second mode mode presenting rotation of the mass is not of interest in this contribution, although it is in some
applications related to structure stabilization, an damping in joints of reticulated structures.

4 EXPERIMENTAL VALIDATION
4.1 Measurement setup
This is the mockup of the system shown in Fig. 1. The components governing the behavior are i) the four
folded beams that provide positive stiffness in vertical direction, ii) the center mass is also attached on its left
and right sides to iii) two pairs of curved beam that provide the negative stiffness. As for the four folded
beams, the two pairs of curved beam are 3D printed. Two aluminium sliders are designed to move horizontally
in opposite directions to induce local buckling of the curved beams. The position of the sliders is adjusted
using two screws and determines the initial force experienced by the curved beams. In the following, the same
movement will be applied to the sliders so as not to introduce any asymmetry into the system.

The aluminium frame with sliders and mass have mass density ρ = 2700 kg/m3 and Young’s modulus E = 69
GPa. After weighing of the 3D printed springs components and modal testing, the mass density of ABS parts
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Figure 4. First eigenfrequency versus compressive load applied towards the mass, obtained with two pairs of 4
mm thick curved beams.

(a) (b)

(c) (d)

Figure 5. Modal shapes associated with the first four eigenfrequencies, (a) symmetrical bending mode with
vertical motion of mass at 44 Hz, (b) asymmetrical bending mode with rotational motion of mass 217 Hz , (c)
symmetrical bending mode with inverted bending of curved beams 238 Hz, (d) symmetrical bending mode with
parallel bending of curved beams 300 Hz



20 40 60 80 100
-30

-20

-10

0

10

F
R

F
 A

c
c
/F

o
rc

e
 [

d
B

]

20 40 60 80 100

Frequency [Hz]

0

0.5

1

C
O

H

Figure 6. Structural response (inertance) from experimental setup delta = 1.5mm (−), delta = 3.5mm (−), and
delta = 5mm (−), and frequency shift evolving respectively to 30 Hz, 26 Hz, 20Hz

is calculated as ρs = 1008 kg/m3, and the Young’s modulus is estimated as Es = 2.5 GPa.

4.2 Response of the resonator
The influence of initial force on the response is also verified from experimental measurements. These were
obtained by exciting the structure using an shock hammer, and measuring the resulting acceleration. Both the
excitation and sensor are located on the mass, where the transverse motion is the quantity of interest. The
structural mobility is shown in Fig. 6 for different values of initial force. It shows the frequency shift due
to the softening effect as a consequence of increasing initial load, from 30 Hz down to 20 Hz, as well as
the remarkable gradual decrease in amplitudes. The trend associated with decrease of frequency as force is
applied is confirmed experimentally, at least for values of initial displacement δ from 0 to 5 mm. For large
values of force, the structural integrity of the 3D printed curved beam could also be discussed. From this
preliminary mock-up, it appears that setting the overall stiffness to zero and overcome the positive stiffness
at equilibrium point is challenging because of the uncertainties when manufacturing the frame and junctions
between the components.

5 CONCLUSIONS
This paper theoretical formulations describing the relation between restoring force with respect to initial de-
flection, as well as simplified model of flexural behavior are introduced. In this way, the key parameters are
correlated to negative stiffness mechanism as well as overall bending kinematics governing the motion of the
resonator. Numerical calculations confirmed trends identified analytically and static studies together with dy-
namic analysis confirmed the high static low dynamic behavior of the system. According to the design procedure
presented, a variable passive negative stiffness resonator is manufactured and tested. Although the correlation
between numerical and experimental data is very sensitive to manufacturing conditions, the main trends are
identified and the weakening of the system is evidenced experimentally.
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Mechanical metamaterials[1,2] are artificial materials with special microstructures, which exhibit 

unconventional mechanical properties, such as negative Poisson’s ratio, negative mass density, 

negative modulus, etc., and also bring various and novel wave phenomena, such as negative refraction, 

wave cloaking etc. Recently, rational design with flexible microstructures has become an emerging 

trend shaping the future of mechanical metamaterials with multiple exotic functionalities[3-6]. However, 

most flexible metamaterial designs are only engaged in a quantitative enhancement of certain property. 

A qualitative transformation of the metamaterials’ properties or/and functionalities could be extremely 

important for the prospects of new generation metamaterials, yet tremendously challenging in 

designing.  

In this presentation, a class of unprecedented 2D extremal metamaterials that can transform from 

a null-mode (solid state) to a tri-mode (near-gaseous state) will be mainly focused. First, we will 

present a modular-origami-based kinematic design methodology for the transformable metamaterial, 

where a four-bar mechanism with weakly connections is construted, as shown in Fig. 1.  

 

 

Fig.1. Design concept for the unit cell of the transformable metamaterial. 

Then, considering the four-bar mechanism as the basic building block, four different configurations 

that can be transformed among each other can be constructed by periodically arranging the same unit 

cell with different configurations (Fig. 2). To quantitatively investigate the mechanical behaviors of 

the four configurations, we calculate their effective properties including effective densities and 

effective elastic tensors based on the homogenization theory. Mechanically speaking, if one any 

eigenvalue of the elastic tensor disappears or much smaller than the others, the corresponding 

deformation mode will cost little to no elastic energy and this deformation mode is a zero mode [7]. 

Based on the number of zero modes, a class of 2D extremal metamaterials is determined, which covers 

nullmode, unimode, bimode, and trimode metamaterials related to the four metamaterials, respectively. 
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Fig. 2. Four transformable metamaterials designed based on modular-origami 

Finally, wave properties of the transformable metamaterials are systematically analyzed, and their 

unique wave control capabilities, such as programmable elastic wave polarization filtering and 

manipulation of positive and negative refractions, will be numerically demonstrated. The 2D 

transformable mechanical metamaterial proposed here can be easily extended to 3D systems, and 

opens up vistas for 3D architected materials with transformable material states and functions.  
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ABSTRACT 

Nature has always represented a fundamental source of inspiration to solve mankind’s scientific challenges 

and engineering tasks. For instance, it has been shown that a hierarchical organization over multiple length 

scales allows enhanced quasi-static mechanical properties, while the relative orientation of adjacent chiral 

centers may affect the physical properties of a polymer, and internal heterogeneous architectures may result 

in shape changing systems, to cite a few examples. 

In this paper, we discuss some examples of how bio-inspiration may be used to enhance the potential of 

phononic crystals and acoustic metamaterials in terms of vibration attenuation and control of wave 

propagation. 

 

Keywords: Phononic Crystals, Metamaterials, Sound Insulation, Bio-inspiration, Chirality. 

1. INTRODUCTION 

Phononic crystals and acoustic metamaterials can be considered as composite  materials exhibiting 

ad-hoc designed architectures made of periodic, quasi-periodic or even randomly disposed building 

blocks (unit cells) characterized by extraordinary dynamic properties, such as frequency-dependent 

directionality and band gap (BG) behavior [1]. Since their introduction a few decades ago, researchers 

have tried to explore more and more configurations capable of (i) achieving low and broadband 

frequency effects (without recurring to unpractical increases of the unit cell size or decreases of the 

global structural stiffness) and (ii) practical solutions to exhibit a tunable frequency response once the 

structures are fabricated. 

In this context, Nature has always represented a formidable source of inspiration to solve 

mankind’s scientific challenges and engineering tasks. For instance, it has been shown that a 

hierarchical organization over multiple length scales allows enhanced quasi -static mechanical 

properties, while the relative orientation of adjacent chiral centers strongly affects the physical 

properties of a polymer, and internal heterogeneous architectures may result in shape changing 

systems, to cite a few examples [2]. 

In this research, we discuss how bio-inspiration may be used to enhance the potential of phononic 

crystals and acoustic metamaterials [3]. Specifically, a comparison of the dynamic behavior of 

conventional and bio-inspired phononic crystals / metamaterials will is presented through the 

evaluation of the corresponding dispersion diagrams and / or transmission properties.  

2. METHODS 

From the modeling point of view, we consider small-amplitude waves. In the case of a linear elastic 

medium, in the absence of external forces, the wave field is described by standard wave equations for 

two-dimensional displacements, and the analysis is restricted to harmonic waves. Due to the structural 

periodicity of the phononic crystals / metamaterials, the displacements are also periodic in space and 

can be thus represented using the Floquet-Bloch expansion theorem. This allows to restrict the 

analysis of an infinite periodic medium to that of a representative unit cell with Bloch periodic 

conditions at the unit cell boundaries. 
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3. CASE STUDIES 

3.1 Structural hierarchy 

Structural hierarchy is here understood in the sense that a representative (metamaterial) unit cell 

comprises multiple arrangements of inhomogeneities at various size scales. If the same arrangement 

occurs at every scale, the pattern is called self-similar. We consider single-phase metamaterials formed 

by self-similar unit cells with different hierarchical levels, as schematically shown in Fig. 1A.  

The dispersion diagrams for the hierarchical cross-like metamaterial with regular and external 

hierarchical organization is shown in Figures 1A. It clearly appears that the wide band gap ranging 

from approximately 42 kHz to 96 kHz is almost preserved. Pass bands located inside the latter band 

gap are represented by mostly flat lines corresponding to localized modes. These modes do not couple 

with the external field in realistic structures, which always have a certain level of energy dissipation. 

Also, the introduction of hierarchy allows to shift the band gap corresponding to the ordinary unit cell 

to an approximately 3 times lower frequency. Several other band gaps appear at the band gap 

frequencies of the regular structure [4]. The BG shift can be seen as an alteration of the ratio stiffness 

over mass (decreasing the first more than the second), where the unit cell assembly strategy has been 

driven by a simple translation of the unit cell.  

 

    
Figure 1: (A) Hierarchical structures found in natural diatom cell walls and the corresponding bio -inspired hierarchical 

metamaterial unit cells, along with their dispersion diagrams. The hierarchical organization allows  to preserve the BG originating 

from a smaller constitutive geometry and opening frequency band gaps at lower  frequencies [4]. (B) Schematic representation of 

the concept of tacticity inspiring the design of two periodic diadic arrays of translational-rotational resonators in isotactic and 

syndiotactic configuration, along with their band diagrams and mode shapes. A large BG between 374 and 1816 Hz in the 

syndiotactic arrangement is visible [5]. 

3.2 Tacticity 

All the classical amino acids present in nature are chiral (except glycine). A molecule is called 

chiral if it cannot be superimposed on its mirror image by any combination of rotations and 

translations. While the concept of chirality itself has been largely exploited in the field of phononic 

crystals and acoustic metamaterials in recent years, the effects of the concatenation of such non -

centrosymmetric unit cells (tacticity from polymer science), has not been explored, yet. Inspire d by 

this concept, we show its effects on the dynamic behavior of chiral structured periodic media, by 

contrasting the dispersion properties of iso- and a syndiotactic crystal. 

Our numerical results show that the syndiotactic phononic crystal arrangement nucleates low-

frequency full bandgaps, while the isotactic variant exhibits wave modes in the same frequency range, 

responsible for a transmissive behavior (see Fig. 1B). Nonetheless, the two variants are characterized 

by the same density and quasistatic stiffness [5]. 

4. CONCLUSIONS 

In conclusion, we have shown that as the dynamic properties of phononic crystals / metamterials 

can be enhanced by taking inspiration from biology-related concepts. Specifically, we have proved 

that a hierarchical organization of self-similar unit cells may lead to multiple BG opening at different 

frequency scales, as well as to the lowering of the existing ones (whose frequency width is partially 

preserved). Similarly, concatenation of noncentrosymmetric unit cells  leads to a BG frequency 

lowering, keeping the overall mass and stiffness unchanged.  



 

 

ACKNOWLEDGEMENTS 

This project has received funding from the European Union Horizon 2020 research and innovation 

programme under grant agreement No. 863179. 

REFERENCES 

1. Hussein MI, Leamy MJ, Ruzzene M. Dynamics of Phononic Materials and Structures: Historical Origins, 

Recent Progress, and Future Outlook. Applied Mechanics Reviews. 2014; 66(4):040802. 

2. Meyers M, Chen P, Lin A. Seki Y. Biological materials: Structure and mechanical properties. Progress in 

Materials Science. 2008; 53:1-206. 

3. Miniaci M, Krushynska A, Movchan AB, Bosia F, Pugno NM. Spider web-inspired acoustic metamaterials. 

Applied Physics Letters. 2016; 109:071905. 

4. Miniaci M, Krushynska A, Gliozzi AS, Kherraz N, Bosia F, Pugno NM. Design and Fabrication of 

Bioinspired Hierarchical Dissipative Elastic Metamaterials. Physical Review Applied. 2018; 10:024012. 

5. Bergamini A, Miniaci M, Delpero T, Tallarico D, Van Damme B, Hannema G, Leibacher I, Zemp A. 

Tacticity in chiral phononic crystals. Nature Communications. 2019; 10:4525. 

 



 

PROCEEDINGS of the  
24th International Congress on Acoustics  
 
October 24 to 28, 2022 in Gyeongju, Korea 

ABS-0916  

 

Collimation and redirection of flexural waves in thin elastic plates 

José SÁNCHEZ-DEHESA1; Penglin GAO2, Francisco CERVERA1; Alberto BROATCH3, Jorge 
GARCÍA-TÍSCAR3; Andrés FELGUEROSO3 

1Wave Phenomena Group, Department of Electronic Engineering, Universitat Politècnica de València, ES-46022 

Valencia, Spain. 
2State Key Laboratory of Mechanical System and Vibration, Shanghai Jiao Tong University, 200240 Shanghai, 

China 
3CMT-Motores Térmicos, Universitat Politècnica de València, ES-46022 Valencia, Spain. 

ABSTRACT 
We report the feasibility of several structures specifically designed for the control of flexural waves 
propagating in thin perforated plates. First, a collimator of flexural waves is designed to generate a collimated 
beam from an omnidirectional source of flexural waves. The practical demonstration is performed here using 
an aluminum thin plate containing 50 x 30 free holes. In addition, we have designed a redirector device that 
splits the collimated beam into two beams propagating sideways. The amount of the redirected energy is 
improved by adding a structure consisting of an array of two-beam resonators, which is designed as a barrier 
to reflect the transmitted energy through the redirector. Good agreement is found between the experimental 
data and the theoretical predictions. 
 
Keywords: Sound collimation, sound redirection, flexural waves, thin plates 

1. INTRODUCTION 
Arrays of holes and/or lattices of resonant structures are particularly useful to design devices controlling the 
flow of waves along the plate. Thus, the collimation and redirection of flexural waves [1] were inspired by 
similar devices introduced in acoustic for the control of acoustic waves using lattices of sound scatterers. 
Acoustic collimation was achieved by phononic crystals slabs [2-3] and by stacking holey Plexiglas plates 
[4]. On the other hand, the redirection of acoustic waves in the air was demonstrated by using lattices of 
perforated cylindrical shells [5-6]. For the case of water background, the redirection has been predicted by 
using lattices of elastic shells [7].  

 In what follows, we describe both the collimator and the redirector of flexural waves that have 
been designed and experimentally tested. Firstly, in Section 2, we present the numerical simulations 
predicting the expected behavior. Later, Sect. 3 reports the experimental setup employed to 
characterize the structures. In Section 4, we show that measurements support the designed structures, 
and, finally, Sect. 5 summarizes the results of this work.  

2. THEORY 
The structures presented here have been obtained using the biharmonic equation, which describes 

well the interaction of flexural waves with lattices of holes and inclusions [8]. The scattering 
properties of the waves interacting with the structures under study have been obtained in the 
framework of the multiple scattering formalism reported in Refs. [9] and [10]. We point out that the 
accuracy of this simplified approach has been validated by its comparison with three-dimensional 
(3D) numerical simulations based on finite elements using a commercial package (COMSOL 
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multiphysics) where the 3D full elastic equations were taken into account.  
The structures are designed by considering that the arrays of holes and resonators are drilled in a 

homogeneous aluminum plate with the following parameters: Young’s modulus E= 70 GPa, Poisson’s 
ratio ν= 0.33, mass density ρ =2.7×103 kg/m3, and plate thickness h=1 mm. 

2.1 Collimation by an array of free holes 
 
For designing the collimator, we calculate the band structure of a square lattice of free holes drilled 

in the plate. After fixing 15 kHz as the operational frequency of our collimator, we have optimized 
the lattice period (ac) and the hole radius (rc) to obtain a beam along the direction of interest. Figure 
1 shows the performance of the designed collimator, which consists of 20×30 free holes with radius 
Rc=5 mm and lattice constant ac= 12 mm. The principal beam, which is defined by the blue arrow, is 
obtained thanks to the interaction of an omnidirectional source of flexural waves located at the middle 
of the first right-hand side layer. Notice that two additional beams (red arrows) also appear on the 
left-hand side of the cluster. These unavoidable sidelobes are also generated by the properties of the 
isofrequency contour resulting from the band structure. In order to avoid interferences with the main 
beam, in the experiment, they are suppressed by adding two absorbing stripes.  

 
 
 

 
Figure 1 – Snapshot of the amplitude of the out-of-plane displacement created by a punctual omni-

directional source located at the position y=0 in the first column in the cluster free holes (white circles).  
 

2.2 Redirection of flexural waves 
 
The redirection of flexural waves was predicted in Ref. [11]. This work follows a similar approach 

but uses as impinging beam the one generated by the collimator shown in Fig. 1. The parameters of 
the new design are obtained by an optimization procedure in which the features of the impinging beam 
are taken into account. The number of holes in the lateral side of the slab is determined by optimizing 
the energy ratio of the redirected waves to the incident ones. The cluster of holes resulting from the 
optimization process contains 3×7 holes with radius Rr =6.5 mm and (square) lattice period ar =24 
mm. To further increase the sideways transmission, we add a barrier at the rear of the redirector device 
with the goal of totally reflecting the waves partially transmitted across the slab. This barrier is made 
of three layers of two-beam resonators, where the resonance-induced bandgap can be tuned to the 
working frequency of the redirector [8].  

Figure 2 shows the predicted performance of the redirector device. Notice how the principal beam 
of the collimator impinges the redirector device and a strong deviation to the lateral sides is obtained 



 

 

thanks to the reflecting structure added to the rear side. The pattern of the Z-displacement field clearly 
shows that the designed structure produces two sideways-transmitted beams. This phenomenon 
represents the elastic analog of the Poisson-like effect described in [7] for acoustic waves but here is 
caused by a different resonant mechanism. The physical mechanism explaining the redirection of 
flexural waves can be understood in terms of the coupling of the incident wave to the fundamental 
symmetric S0 mode of the crystal slab made of three layers of free holes. The S0 mode is a mixed 
mode containing standing waves modes in the two orthogonal directions along the slab [11]. Also, it 
is noticeable that the sidelobes generated by the collimator are completely suppressed by the absorbing 
stripes. Let us stress that, in comparison with the result obtained without the reflecting barrier, the 
sideways transmitted waves have been strongly enhanced and show a perfect symmetry with respect 
to y-axis. The integration of the energy flux over the boundaries of the finite slab indicates that 81% 
of the impinging energy is transmitted sideways. 

  
 
   
 

 
Figure 2 – Snapshot of the amplitude of the out-of-plane displacement created by the collimated beam 

impinging a redirector device, which consists of a rectangular array of free holes with a barrier of flexural 

waves added at its rear surface.  
 

3. EXPERIMENTAL SETUP 
The experimental setup shown in Fig. 3 serves to validate the expected performance of the 

collimator and redirector devices described in the previous section. Aluminum (Al-5745) plates with 
a thickness of 1 mm and dimensions of 800 x 600 mm2 were used to make the holey structures. 
Different plates have been laser-cut with the holes and resonators necessary for the produced designs. 
The accuracy of the laser-cutting method used is greater than 0.1mm. 

The sample incorporating the collimator and redirector is shown in Fig. 3. To imitate the anechoic 
boundary conditions employed in the numerical simulations, a mastic tape is applied to the plate's 
exterior edges to prevent wave reflections there. We specifically used a 3M Scotch film Electrical 
Insulation Putty that is 38.1 mm wide and 3.175 mm thick.  

 



 

 

 
Figure 3 – Experimental setup employed to capture the out-of-plane displacement of the flexural waves 

propagating in the aluminum thin plate with holey structures.  

 
A laptop's audio card is used to create a sinusoidal signal for the measurements with an amplitude 

of 2 Vpp, 24-bit resolution and 48 Hz sampling frequency, which is then amplified by a 200W Samson 
signal amplifier. An electromagnetic transducer (EMAT) is fed by the amplified electrical signal. This 
device is positioned next to the plate without contacting it and is composed of a coil encircling a 12 
mm diameter cylindrical magnetic core. Without any physical contact between the transducer and the 
plate, the EMAT excite flexural waves at the target frequency in the plate. 

The propagation of the flexural waves generated by the EMAT is examined using a Polytec PSV-
500 scanning laser Doppler vibrometer (LDV). The scanning head features a 633 nm He-Ne laser and 
also includes a number of motorized beam splitters and mirrors that can accurately position the emitted 
beam with an angular resolution of greater than 0.001º. When compared to a reference beam, the 
Doppler effect caused by the target surface's vibration in the backscattered beam creates an 
interference pattern that is correlated with the frequency of the surface vibration. The LDV may also 
count the number of dark and bright fringes and report displacements (on the order of pm) rather than 
velocities using interpolation and demodulation algorithms. 

With this approach, no addition of mass is needed (avoiding thus undesired influences) and a 
complete 2D map of the Z-displacement field in the entire area of the plate can be obtained. The LDV 
head is positioned at a distance of about 2 meters from the perpendicular surface plate, which is 
discretized into a scanning grid of the order of 23000 points, excluding the areas inhabited by the 
drilled structures and the insulating strips. At least seven measurements points per target wavelength 
are chosen for the scan spatial resolution, which is more than 3.5 x 3.5 mm2.  

By using a total of 3201 FFT lines, the vibrometer can examine frequencies between 10 and 20 
kHz with a resolution of 3.125 Hz. In addition, when the laser beam is redirected to the subsequent 
scanning position, we maintain the phase reference introducing the audio signal in the LDV front-end 
too. In order to reconstruct the time development of the waves across the entire plate, the LDV 
captures both the amplitude and the phase of each measurement point. 

3.1 Equipment validation 
Prior to perform the measurements, a preliminary test was conducted to assess the operability of 

the experimental setup. To do so, a smaller aluminum plate (600 x 250 mm2) also 1 mm thick with the 
same characteristics as those in the tests was used to determine the adequation of the LDV head to 
this study by analyzing the group velocity propagation in the plate.  

The excitation of plate was carried out by means of a Piezoelectric Transducer (PZT) instead of 
the EMAT, but the source was also the amplified 24-bit audio card. The surface of the plate was 
discretized into 3589 points, with a point, approximately, every 5 mm, from which eight of them, 
aligned with the location of the PZT, were used to determine the group velocity propagation. Figure 



 

 

4 shows the discretization of the plate surface, highlighting the location of the PZT and the points 
used to derive the velocity propagation. 

 
Figure 4 – Sketch of the preliminary test with the discretized surface, showing the location of the PZT 

transducer and the samples used to derive the group velocity 

 
To determine the group velocity, a 15 kHz burst was emitted through the PZT. This signal had a 

duration of 0.5 ms and enough time is left before sending the next burst to ensure the plate vibration 
had been completely dissipated between one pulse and the following. As previously explained, the 
signal was also fed to the LDV system to maintain the phase reference. In this case, it did not only 
work as a reference signal, but also as a trigger to the system to begin a 10 ms measurement. 

The acquisition settings were slightly different to accomplish the specific purpose of capturing the 
group velocity. In order to characterize every point of the discretized surface, the LDV was triggered 
with the analog output from the audio card, recording a pre-trigger sample of 2 ms (20% of the sample 
time) and a band pass filter between 12.5 and 17.5 kHz was employed to insulate the burst from other 
possible sources. The sample frequency during the acquisition was 250 kHz, providing a temporal 
resolution of 4 µs. 

In order to determine the group velocity, 9 sample points were used: the origin (point 0) where the 
PZT was placed and another 8 points aligned with the transducer (points 1 to 8). The 10 ms signals 
from each point were then analyzed and compared to each other. Thus, point 0 was compared against 
point 1, point 2… until point 8. Then, point 1 was compared against points 2 to 8, point 2 against 
points 3 to 8… so a total of 36 comparison samples were obtained. The comparison was carried out 
by computing the cross-correlation between both signals and determining the lag between them at 
their maximum peak. The left panels in Fig. 5 show the time signals from point 0 (Origin), point 3 
and point 7. It is possible to see the burst signal in the origin and how the vibration losses intensity as 
it gets further from the PZT. On the right side of the figure, the normalized cross-correlation from the 
signals of point 3 and point 7 is displayed, indicating the maximum value.  

  
Figure 5 – (left panels) Vibration signals of the origin and two velocity sample points. (Right panel) cross-

correlation of the two velocity sample points 
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Finally, since the distance between sample points was known, the group velocity of the Lamb 

waves could be easily determined with the computed lag. The outliers were discarded, selecting 30 
samples of the comparison. The mean group velocity from these samples was 764.24 m/s, with a 
standard deviation of ±8.25%. The theoretical value for Lamb waves propagation in the A0 mode under 
these circumstances (1 mm plate with an excitation of 15 kHz) is 747.5 m/s, presenting a discrepancy 
of only 2.23% with the actual measured data. Figure 6 shows the individual velocity samples in the 
upper part, with the mean and the theoretical values and the bottom of the figure represents the actual 
experimental measured data in the theoretical A0 lamb wave velocity curve. 

 

 
 

Figure 6 – Group velocity of each sample with the mean and the theoretical value (top) and the value of the 

experimental data in the lamb theoretical A0 mode curve (bottom) 
 
Besides, another interesting purpose to fulfill prior to the final measurements was the performance 

evaluation of the insulation putty absorbing the reflected waves from the edge of the plate at the 
working frequency of 15 kHz. It was observed that for excitations of low frequency, up to 8 – 10 kHz, 
the mastic tape was not able to completely absorb the reflections from the edges, being the 
performance the worse the lower the frequencies were. With frequencies above 12 kHz it was seen 
that the tape dampened the vibrations satisfactorily, proving to be adequate for this case of study.  

 

4. EXPERIMENTAL CHARACTERIZATION 
The setup shown in Fig. 3 has been employed to validate the predicted performance of the 

collimator and redirector designs. Figure 7 shows a snapshot of the Z-displacement filed created by 
the EMAT, which is now the excitation source of omnidirectional flexural waves. 
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Figure 7 – Measured snapshot of the amplitude of the out-of-plane displacement field created in the 

aluminum plate containing the collimator device. The EMAT employed as the source of omnidirectional 

flexural waves is approximately located (behind the plate) at the middle position in the first column of 

drilled holes. 
 

 
 

Figure 8 – Measured snapshot of the amplitude of the out-of-plane displacement field created in the 

aluminum plate containing the collimator and the redirector.  
 

5. CONCLUSION 
In summary, we have demonstrated the feasibility of two interesting devices for controlling the 

flexural waves propagating in thin elastic plates. First, we have introduced a structure of holes, here 
denominated as collimator, which has been specifically designed to generate a collimated beam along 
a given selected direction. In addition, another device, here denominated redirector, has been 
specifically designed to produce the splitting and the transmission sideways of the vibrational energy 
in a similar manner to that described in acoustics. The measurements corroborated the performance 
obtained from numerical simulations performed with a 2D modeling (thin plate approach) as well as 



 

 

with a full 3D elastic treatment [1]. The structures shown here can have potential applications for the 
control and guiding of flexural waves propagating in different environments. For example, in 
aeronautic and astronautic industries, these structures can be employed to collimate and redirect waves 
to specific regions where sensors are 
located.  
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